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SOLUTION OF PROBLEMS BY THE METHOD OF ANALOGUE * 
By 
S. K. Banergi, Calcutta. 


A mathematician engaged in the solution of a problem. usually considers his work 
finished when his equations are fomulated and.solved. Often, however, the numerical 
computation of the solution and its interpretation present as much difficulties as the steps 
leading to the ‘solution. 

Solution of problems by the method of analogue, whenever a suitable one can be 
devised, makes the interpretation of results comparatively easy. A well-known case is 
the torsion problem relating to a cylinder or a prism of any shape; such problems are 
solved by introducing two functions 9 and d which are mathematically identical with the 
veloeity-potential and stream-function of the motion of an incompressible fluid contained 
in a vessel of the same shape as the cylinder or prism which would be set up by rotating 
the vessel ‘about its axis with an angular velosity equal to-1. For many problems 
involving electro-magnetic rotations we have neat hydrodynamical analogy. For instance, 
the case of an electric current passing radially from an axial wire, through a conducting 
metallic cylinder, in a uniform magnetic field, is analogous to the case of a rotating 
fluid under the action of suitable extraneous forces. ‘The hydrodynamic analogue to 
problems relating to shearing of thin plate lamina is also well-known. 

The main object in solvmg problems by the method of analogy is to make the 
physical interpretation of the analytical results comparatively easy or to devise 
experiments by which all the properties could be measured and plotted. An example 
of ‘analogy’? experimental device is that m which a heat-flow or electric field probletn is 
studied by means of measurements made on a flowing viscous fluid, 


In making measurements by the method of analogy, considerable skill and ingenuity 
‘have been brought into play. The many analysing machines that have been devised 
are in most cases all illustrations of solutions of problems by the method of analogy. 


These have been classified as follows. 


I. Machines for mathe- Arithmetic Keyboard computing machines. 
matical operations Punched card machines. 
i: : ‚Slide Rules. 
Trigonometric Various Surveying Machines. 
Nomograms. 
Integrators Planimeters. 
Harmonic Analysers. 
Optical integrators. 
Differentiation Many simple devices of ., 


. limited precision. 


."An address delivered at the Annual Meeting of the Calcutta Mathematical Society in January, 1955, 
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II. Machines for special Speetrophotometry Colour Analyser with integrat- 
purposes combining Ing mechanism (such as 
measurements with Hardy's Colour Analyser) 


mathematical operations 
Analysis of Spectra Recording Comparator, with 
scale correction means. 
Machine for evaluating arith- 
metical differences. 


(There are many instruments coming under this class}. 


III, Machines fr soiving Algebraic Electric circuit devices, 
equations. Sin ultaneons linear Network aralyser. 
Mechanical Linkages, 


Higher Degree Devices employing Kelvin 
Balance. 
Electric Circuit Devices. 


Ordinary Differential Differential Analyser. 
Partial Differential Devizes for special equations 


operating by analogy. 
Electronic computing machine. 


Integra!. Cinema integraph, for special 
equations and by successive 
approximations. 


The great development of analysing machines in recent years has been due to the 
invention of different types of thermionic valves, photoelectric cells and thermistors and 
the introduction of devices leading to manufacture of high precision machines. With 
the modern electronic machines, the solutions of differential equations with appropriate 
boundary conditions, which when attempted unaided would take a number of days, can 
be completed in 2 or 8 hours. Richardson formulated the differential equations 
(hydrodynamical and thermodynamical) which would determine the atmospheric motions 
over acountry. Their numerical solutions by the method of finite differences after taking 
due account of the initial conditions and boundary conditions proved to be a formidable 
task. But in some countries, the electronic machines are now made to solve these in 
2 or 8 hours and to make a weather prediction with success. 


The Network Analyser has had conspicuous success jin solving simultaneous algebraic 
equations involving complex coeffeients, This electric circuit devico is a combination of 
adjustable resistances, inductances and capacitances, which may be interconnected in 
any desired manner and to which may be applied at a number of points alternating 
voltages which are adjustable in magnitude and phase. It is ordinarily used for the 
solution of electric power-system problems by the artifice of completely reproduciug in 
miniature the essential parameters and interconnections of the system. In this operation, 
it is in essence solving simultaneous algebraic equations with complex coefficients but with 
certain limitations. The Network Avalyser has also been used in solving the hydraulic pro- 
blem of the flow of water in interconnected piping systems. Since the resistance of a pipe 
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is very nearly proportional to the current, it is necessary to make successive adjustments 
of the elements used in the net-work until this condition is satisfied in each branch. 
Hazen suggested some years ago a resistance network composed of tungsten lamps, 
for these satisfy the relationship over a considerabie range. The combination of tungsten 
lamp with a thermionic tube for producing a current proportional to the voltage is thus 
capable of squaring a current. Such a combination has been utilised in a device for 
solving non-linear algebraic equations. 


As is well-known there are several interesting designs for integrators. lIn' eam 
mecbanisms, there are usually three rotating shafts; one, whose angle of rotation is 
measured by u, centrols the ratio; the second, whose angle of rotation is measured by v 
is the drive-shaft, and the third whose angle of rotation is measured by w, is the driven 


w= fa». 


Tho latest form of integrator consists of a photo-electric cell, which gives a response 
at any instant proportional to the total amount of light falling on its cathode. It is usual- 
ly combined with an optical integrating sphere. If the light comes from a uniformly 
brilliant area, the response of the photoelectric cell gives an instantaneons measure of the 
area and hence of an integral. An adjustable cam may be employed to provide a 
functional control. The combination of functional control and an integrator can be used 
to evaluate special integrals. Thus a sinusoidal cam, or its equivalent and a variable- 
speed type of integrator constitute the essential components of an harmonic analyser. 


shaft. In such a mechanism 


Nearly eighty years ago, Sir William Thomson, indicated a method of solving 
differential equations by a mechanical interconnection of integrators. In the Massachusetts 
Institute of Technology, intensive work has been carried on the type of instrument known 
as ‘‘differential analysers". The differential gears are used to produce additions; a set 
of interconnected integrators is used to generate a desired function. Thus in using the 
analyser a variable coefficient may be introduced by generating it simultaneously in a 
portion of the machine set aside for the purpose. From this point of view of the 
machine, a differential equation with variable, but simply expressed coefficients, is trans- 
formed into amore complex equation with constant coefficients. Manual opertion in 
these machines has been dispensed with and an automatic following device has been 
introduced, using for the purpose a motor driven directly from a photo-cell through a 
thermionic tube amplifier. 


Another machine also developed in the Massachusetts Inetitute of Technology is 
the Cinema Integraph. This is based on a suggestion made by Dr. Norbert Wiener that 
radiant energy could be used for the evaluation of integrals. If we have two parallel 
vertical screens with apertures, whose lower edges are stragiht lines (z-axis) and the upper 
edges are y =F (£) and y=F,(«), and if the distance between the screens is large compared 
to the sizes of the apertures, and if further light from a linear incandescent filament ig 
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made to pass through the screens, then it can be readily shown that.light passing through 
the second sereen is proportional to : 


[FL@F.@)de. 


If this light is gathered by a lens and impressed on a photocell, then the current in 
the celi becomes a measure of the integral, If the first screen is now shifted horizontally 
and parallely to the second, in accordance with a parameter A, the variation of the photo- 
cell current will give a continuous evaluation of the integral with a cyclic kernel as a 
function of this parameter, that is, 


| F,(A—2)F,(a)de. 


The light source 18 made as far as possible uniform, and for accurate recording, the 
positive portions of the integral ara impressed on one photo-cell and the negative portions 
on a second, and the amount of light neceesary to be added to one of these through an 
adjustable shutter in order to produce a balance in the photo-cells is used as a measure. 
The balancing could not, of course, be done manually but the use of a photoelectric 
servomechanism enabled rapid and precise balancing to be obtained. To evaluate integrals 
with a general kernel, 


e(y) — f Kix, y)fty)dy, 


for instance, Fourier transforms, in which 
K(z, y)=Asin zy, 


one has to take a strip of motion picture film, and this will have on successive frames the 
successive Sections K for increments in y, each section plotted as a function of z; for 
Fourier transforms, the frames will have sinusoidal plots of gradually increasing period in =. 


It is now usual to classify computers into two families the “digital” and the 
^'analogue''. The digital computer, as distinguished from the ‘analogue computer’, is cha- 
racterised by the fact that it does not measure, but it counts. The Hollerıth Machine is a 
digital computing machine, The International Business Machine Corporation (IBM) which 
manufactures these machines, standardised the IBM card to a size of three and a quarter 
by seven and three-eighth inches, wilh its 80 columns of 12 punching positions each. 
This card is interchangeable among a variety of punching, sorting, tabulating, calculating 
and accounting machines, which deal with the cards mechanically, electrically and 
electronically. The same kind of card may hold the data of sampling surveys relating 
to income or occupation of a population, or some biological measurements, or agricultural 
measurements, or data of an accountant’s audit or a corporation’s insome-tax, or data 
relating to meteorological observations or astronomical measurements. The punching of 
cards, has to be made according to a specified number-code which represents the properties 
of the observed data and a stack of such cards forms its library or "memory". The cards 
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with punched holes speak just the kind of language which an electrical machine under- 
stands and with their assistance the data can be analysed in any manner we desire, An 
equally 1mportant advance was the teleprınter of the telegraph department, which trans- 
mits a message from one station to another by means of perforated tapes and a system of 
relays. These conceptions have played important roles in the development of modern elec- 
tronic computers or electronic brain. The ability to put command in code and to have 
them carried out by an electrical] system 1s a major ingredient of the electronic brain. 


The well-known ‘‘mechanical brain’’, built by Dr. Vannevar Bush, 30 years ago 
at M. I. T. wasan anılogue machine. But the latest types of electronic brains are 
digital machines This development involved a modification of the decimal system 
and the use of a bybrid, called ‘‘binary decimal", in which any two symbols, which are 
usually written as O and 1, are used. Jivery number can be represented by the combina- 
tion of the two symbols. Thus, we get 





Decimal notation Binary notation | Decimal notation Binary notation 
0 L- t+ * 8 11 
1 1 5 101 
2 10 6 116 
4 100 7 111 
8 1000 9 1001 





The presence of one or the other of the symbols, 1 and 0, constitutes a binary digit. 
The phrase binary dig t has been, abbreviated in a new term “‘bit’’, meaning “a bit of 
information". In the binary system we need 10 bits to represent a decimal thousand, 20 
bite to representa million and 80 bits to represent a billion. It takes only one elctronic 
tube to represent a bit, and a total of 33 tubes to cover the range of the ten billion figure 
of an electroronic machine accumulator. In a machine 1 and O0 may be represented by 
any two physical effects; for instance, 1 may barepresented by an eiectrical pulse and 0 by 
the absence of a pulse. As a magneused tape passos under a coil, the presence or absence 
of a magnetised spot is converted into the presence cr absence of an electrical signal, 
which in turn can be routed to an electronic tube. The simplification introduced by the 
binary system is that the addition of a dig:t simply means a reversal of the existing 
condition of the tube, that 13, adding a pulse where there is none or wiping it oub if 
there 1s one (that is, converting 1 to U). 


The first electronic computer, the Electronic Numerical Integrator and Computer 
know as ENIAC, was built during the war at the University of Pennsylvania for the 
Army Ordnance Department. It was later moved to the Bellistie Research Laboratory 
at the Aberdeen Proving Ground. It did not use the binary system but a "'five-unit 
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code". It was a bulky instrument and used nearly 18000 electronic tubes. It had 20 
accumulators, each accumulator consisting of 200 double-triode valves. These ac- 
cumulators constituted the ‘‘electronic memory”’ and could store 20 numbers of 10 digits 
each. The accumulators function in a dynamic way, either sending out the number 
which it has been holding or receiving a new number and automatically adding to the one 
which it has been holding and all this is accomplished in a few microseconds. 


The introduction of the binary system has led toa considerable compactness in the 
latest form of electronic computers. Instead of a perforated tape or punched card, the 
type of ‘‘memory’’ used in these machines is a magnetic tape, a photographic film, 
charged cathode-ray-tube surface, or simply a column of mercury in which numbers are 
stored in the dynamic form of waves moving at the speed of sound. The mercury ripple 
was a remarkable adjunct to the war time radar and it has proved to be an equally 
remarkable adjunct to the electronic computer. This is used to introduce delay in trans- 
mission of signals, the exact period of delay can be altered by changing the length of the 
mercury column and its temperature. The action is as follows. An electrical pulse or 
a signal on reaching a quartz crystal causes it to expand due to the piezoelectric effect; 
the crystal pushes aganist the mercury and a ripple runs along the column, which on 
reaching the end excites a second crystal and generates a new electrical impulse. This 
is fed back to the front end of the column by an amplifier circuit and this procees goes 
on unti] at the desired moment an electronic gate opens in the amplifier to switch the 
signal into some other circuit. Devices like this have been used in building up the 
complicated electronic computing circuits. 


While remarkable skill and ingenuity have been brought into play in building up 
the different types of compyting machines, they are all general purpose instruments. 
There are, however, many problems the solutions of which by the method of analogue 
are of great value. This enables one to design instruments to subject the solutions to 
experimental verification. These are all special purpcse instruments. There is a vast 
field of work along this Ene. I will give an example from a problem in heat transfer. 


This problem refers to the parallel flow and counter-flow heat exchangers. For 
parallel flow heat exchanger, a hydraulic anajogue has been devised. This consists of 
two vertical glass tubes of uniform cross-section connected at the bottom by a capillary. 
The height of liquidin a tube ata given instant corresponds to the temperature of a 
stream of fluid at a certain point in the cxchanger and time corresponds to length, that 
is, to heat transfer surface. The difference in temperatures between the two streams, 
which is the driving force for heat transfer between them has its analogue in the difference 
in heights of liquid in the corresponding tubes, which is the driving force for flow of 
liquid through the capillary. The heat transfer equations for the insulated parallel flow 
exchanger are 


— C,G4,d0, = aK(0, —6,) dl = C,G,d6,, - (1) 
where | denotes length along exchanger, « denotes the heat transfer surface per unit 
length of exchanger, C the isobaric heat capacity of fluid stream, K the overall heat 
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transfer coefhcient per unit heat transfer surface, 60 the temperature of fluid stream and 
the suffixes 1 and 2 refer to the hotter and the colder stream respectively. 


Ihe corresponding equations for the hydraulic analogue are 
—B,ds, = F(s,—2,) dt = S,dz,. (2) 


Here 2, and 4, represent the heights of the liquid in the two tubes, S, and S, thew 
cross-sections, F the condutance of the capillary and t the time. In order that equation 
(2) may be valid, ihe capillary must be sufficiently long and fine so that the flow through 
itis laminar and the acceleration effects are negligible. To obtain the relationship 
between temperature and height and between iength and time, we write 


0 = nos and l= mt. 


Substituting these values in (1), we see that np cancels out. Therefore, we can 
use any convenient value of this factor. Equation (21, coupled with equation (1), gives 


m = (F[«K)(0,G,/8,) = (F/aR)(C,6,/8,) (8) 
or 84/8, = C,G,/C,G,. (4) 


Thus F must be proportional to «K and S to CG if the analogy between fluid flow 
and heat transfer is to be valid. For simplicity let us first assume that the C's and K 
are constants so that Ges and F are constants. The integral of equation (1) over the 
entire length J of the exchanger is 


C1G4,(0,1— gel = C4G4(0,,, — 05,1) (5) 


and similarly for equation (2), 
S, M Z 1,0) = Bao — Za) (6) 


Therefore, if C,G, < C,G,, so that S, <S, thon Ad, > Ab, and AZ, > AZ, 
In the opposite case we have merely to reverse the relative heights of liquid in the tubes 
and reverse their numbering. In an experiment, we set the initial difference of heights 
in the tubes to correspond to the initial difference of temperatures at the left end of the 
exchanger, On opening the valve in the line joining the tubes, we measure the time 
necessary to attain the difference of heights corresponding to the differance of tempera- 
tures at the other end of the exchanger. From the measured value of F/S, or F/S, and 
the calculated value of C,G,/aK or C,G,[aK, we find n; from equation (8) and conse- 
quently the necessary length of the exchanger from the relation | = ng, Alternatively, 
with an exchanger of given lenth, we can determine the value of K, the overall heat 
bransfer coefficient. 


A hydraulic analogue can also be designed for counter-flow heat exchanger. Buch 
hydraulic, analogue is essentially a differential analyser, which solves the system of 
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differential equations of heat transfer. Wecan also design electrical net work to find 
solutions for problems of this nature. 
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GENERALIZED PERIODIC SINGULAR POINTS WITH 
=- APPLICATIONS TO FLOW PROBLEMS. 


By 


R. P. Kanwar, Kharagpur, West Bengal. 
(Communicated by Prof. B. R, Seth—Received July 2, 1953) 


Introduction. It is customary to think of singular points as the limiting cases 
of spherical or circular elements. Seth (1954) has shown that a generalization of this 
concept as ultimate forms of a family of closed surface bodies can be used to discuss 
{he boundary value problems relating to these surfaces in exactly the same manner in 
which spherical and circular points are used to discuss the problems with spherical 
. and circular boundaries respectively. He has solved the problem of motion of an 
ellipsoid and elliptic cylmder in a viscous fluid by applying the concept of ellipsoidal 
and elliptical doublets. 

| The singular points introduced by Seth are steady in character. This idea has 
been extended in this paper to include non-steady and periodic singular points. It is 
found that generalized periodic singular points can be used to discuss the vibration 
of a body in viscous fluid, by superposing on a solution due to a generalized periodic 
doublet, a solution due to a concentrated periodic force, Moreover, the forces operating 
can at once be correleted to the drag suffered by the body in the course of its vibration. 


To define the generalized periodic source and doublet we proceed as follows: 


" Let V be the potential at an external point due to the solid A whose mass is M. 
Then by Gauss’s theorem the normal flux across any surface enclosing S is 


ff- IY A =— 4r M 
d On 


the element of normal $n being drawn outwards, The limiting form of A when it 
reduces to a point or a line will be called the generalized source of strength M. Its 
potential will be taken as V. V satisfies the foliowing conditions : — 


(i) wv? V = 0, throughout all space occupied by the matter. 
est ZS (ii) The flow across any closed surface containing it is constant. 


(ii) GradV vanishes at infinity. The generalized source thus satisfies 
alt the requisite conditions. 


A doublet in the z- direction is obtained by dispiacing the sovice or solid through 
a small distauce in the z-direction. The corresponding potential is p OV /Or, being 
the strength of the doublet. ` 

In this paper we have discussed the vibration of » sphue, an infinite circular 
cylinder and an infinite elliptic cylinder in vieccus fluid. ‘The corresponding sources 
and doublets in the cases of sphere and circular cylinder are well known. 


2—1906P- 1. 
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In the case of an elliptic cyhnder we have V, the potential for a periodic elliptic 
BOUTCE 88 


V =—4re ab (e7*€ cos 25 + 2£) emt 
and for the corresponding doublet the potential e is given as 


ọ = — ino ab = (er cos 2n + 2£) etre 


I, Vibration of a sphere 


The linearised equations of motion are given as 


— (Op/Ox, Sp/Oy, Op/Oz, + n'v'(u, v, w) t o(z, y. 2) = e(Gu[Ot, dv/dt, Gw/8t) (1) 
and | Guca + Ov/Oy + Dap äs = Q. (2) 
On the surface of the sphere we have 
u = U, e"f v — 0, w = 0, (8) 
where n corresponds to the frequency of non-damped vibration, and at infinity 
u=0, v=0, w=Q (4) 


The usual methed of attack consista in finding a solution of these equations 
wilh p = p,, a constant. We propose to call it, ‘the viscous counter-part’ of the solution 
because 16 will nct give rise to any pressure drag. A second solution of these equations 
is obtained by setting 

u=—@o/Cx, v — — €9/dy, w = —€0/02 and p = gðp jat 
we propose to call it the potential counter-part, because it satisfies the Laplace’s 


equation V*9 = 0. This will give use to pressure drag only. The eolution obtained 
by superposing these two satisfies all the boundary conditions. 


It has not been pointed out by earlier workers that the non-linear terms due to 
potential counter-part need not be neglected in the equations of motion. Their 
presence does not alter the velccity at any point of the fluid, but simply modifies the 
pressure which 1s now given by 


p/e = 6e[ ot —v*[2 
The drug suffered by the solid remains unaltered. 


In the equations (1) we put u = u, +u, v — v, v,, W =w, +w, and p= p, Pa 
where (u,, v,, w,) and p, are the ve'ocity and pressure due to a pariodic doublet and 
(u,, Vz, W,) and p; are the conresponding quantities due to a concentrated periodic force. 


The equations for p, and (u,, v,, w,) are 
— (Gp, x, 8p, /Gy, Gp, [O2 + n (u,, v,, w,) = (Bu, 8t, Ge, (ot, 9w,/ot), (5j 
and Ou, /Gz + Ov, lut Dm, (äs = 0. (6) 
The solution of these equations is obtained by setting ) 


u = ~Go/ dz, D: = —09/9y, Ww, = — 99/02, p, = ade / ot 
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where Yẹ = 0. But the velocity potential for a spherical periodie doublet is given by 
5 
9 = AO/dz(I/r)emé, 


so that 

« - A(1- om | 
r’ r^ ) 
Ar | 

Ui NM wem er y e, 

(7) 
iU m — gArz gent 
T5 

| 
P, = ~ Agin et, | 


The equations for (u,, v,, w,) and p, are 
— (Op, /Ox, Op, Tou, Op, Oe) + pV" (ts, v4, Wa) t e(X, Y, Z) = (Gu, /dt, 9v,/öt, w/t) (8) 
‘and Ou, /Ox + 8v, /Oy + wd,/0a = 0 (9) 
We express the velocities by means of a vector potential (F, G, H) in the 
following menner ` 
u, = OH [öy-9G/9s, 
v, = OF /02—6H [ ax, 
w, = QG/Gz —- OF Tou, 
and the body forces in the like manner by means of a scalar polential P and a vector 
potential (L, M, N) by the formulae of the type 
iM) | X = 8b/82+ ON [Oy — 8M /2e, 
HN = 00/0y+0L/02-6N/Cz, (10) 
Z = 86/8 + 9G /Cr—OF / Cy. 


N 


N 


The equations (8) can be written in such forms as 


Q Lë 2 O r | KE ON SCH [2 oH oc 
- In, +u] APH) -ARPG tel = re e — le äh eg "oo 
SE j SCH ) SE SEH? ez Ou Oz : Oy ot Oa ct f: 
and particular solutions can be obtained by writing down solutions of the equations 
p, = ed, pF eL = o E, | 
or! m * at 
OC OH | E 
3G +M =e — H +N =g 3. 


To solve the equations (12) we take one of them, viz. 
uv? H+eN = H [ot. 
Since ©, L, M, N, F, G, H vary harmonically we may put d = D, ett! ete, The 
equation (12) takes the form 
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vn, H I (18) 


where 8 — —(injv)t. 


The complementary function is 


ger 
H, = —— D 
r 
1 - 
T 


The particular solut.ons of (12) can now be put io the form 


P= H. ff [ku git Br dg’ dy’ dg’ 
T 


ingr 
B? 1 | l 
G = ndir [ff = M, gtntt Br Ir! dy! dz’ (14) 
Ge Fr | / H LN, enter der dy’ dat, , 
T T 


(X, Y, Z) ean be put in the form (10) by taking 


JR +y EE -) de’ dy’ da! 
1 SC yo) 
= Pizzen) / / 
JJ] a ee SE 
— xd 
HAUS Nou E) de dy’ dai, | 


dash denoting the value of the corresponding quantity at (z/, y^, s) w.thin the finite 
volume T which is such that (X, Y, Z) are different from zero in that volume and vanish 


outside it. ris the distance of this point from (x, y, 2) and the integration extends 
through T. 


(15) 
or) de’ dy! da’ | 


Taking the case ofa single concentrated force (Love, 1927), X,6 acting at the 
origin in the direction of the z-axis, we have 


SW 
e 
dro ° Qm ^! 
L’=0, 
M, +x, on” ) 





dry or 


` 
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| m Aro (Oy ' ' 


where’ denotes the distance of (ei, y’, 2’) from the origin. We may par ion the space 
round the point (e, y, #) into thin sheets by means of spherical surfaces having that point 
nn centre, and thus we may express the integrations in (14) in such forms as 


= N,’ ot+Ar dei dy’ idi TG he eate (TS de, ` 


where ds denotes an element of surface of a sphere with centre at (a, y, 2) and radius 





equal to r. Now | faray is equal to zero where the origin is ingide S, and to 


4nr*Or,-*/Oy when the origin is outside S, r, denoting the distance of (x, y, g) from 
the origin, In the former case r,<r and in the latter case r, >r. We may therefore 
replace the upper limit of integration with respect to r by r,, and find 


— B? Or, P X, pint B dr. 
An dag Oy 


Having found H we have no further use for r that appears in the process, and we may 
write 7 instead of r,, so that 7 now denotes the distance of (r, y, al from the origin. Then 
we have 


2 vz lU T 
Tasta SI rX, ott 8 dr, 
indnre Oy A 


(16) 








G=. g? SI TX, git 8r dr, 
in4dro Oz A 


F=0 


so that we have the components (uz, Va, w,) and p, due to a concentrated periodic force 
X, e"* at the origin as 


=~ dee Uae ca nme 1)] 
SSC H indre o P a d E 


X, ent KH Bess \ ei 
ES ccm ue r(] — — + e8rg* d 
Ya in4dro L r? el rj 








(17) 





ijv en X eft ES fee- pr) - i} + em cl 


rs 


nn EEG c —— o— rmn p 
—. 
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By superposing the two solutions we get 
l1. 32° ) Age If art. | ) { | ae | ) 
= Acht = — SE 0 s BUE. Béi Bi pa = 
j i (5 d indno 17 r® a Se T | 


" 3 X, né a 
» = Ae (- 28 )- Ae"! | 2 [ona - eo 1] egi 











1° inázpl r5 
(18) 

a X,ent Es } =] 

w = Act — VS \- oo Bn — Arg? 

i ( Ft mnáso L 7° GE Qi P Ah 
X, ) Ar. 
= — d mi 
p zu it. 


The above solutions have to satisfy the boundary conditions ^3) and (4). Putting the 
conditions we find 


Az : U,Rg-?[e- 55 —1 - gR — 3e? R?], 


X, Óng.i ng  U,He - 88, 


Calculation of Resistance. The drug suffered by the sphere consists of two parta, one, 
to maintain the periodic doublet and the second, the resultant of the system of stresses 
on the sphere caused by the motion due to the concentrated periodic force at the 


centre. 
The doublet gives rise to pressure drag only, because the velocity components 
(u,, v,, %,) have been derived from the velocity potential G/Oz (1/r) ent, This drag is 


D, ze — | p, cos 0.27 R? sin 0 dé 
0 


= (4/8).nug? dent, 
where 8 is the angle between the norma! n of the sphere at a point of the ca plane 


and the z-axis, 
The drag experienced by the sphere due to motion given by the concentrated periodic 


force 18 


Däer f Aa sin 6 dé (20) 
0 


where Age S (2X, + zX) 


X, =p(Ow,/Oe + 3u,/32) 
Äerz Pt Zut, (Oe 


int 
Therefore D,=%p7ve BR( — 1+8R — 4c- 87) t . j (21) 
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As R>0, D,— -X e"f, (22) 
where X, e" is the periodic force applied at the origin. 

The total drag D is given by 

B D=4ruU,R[-3/2+ (8/2)8 R — (1/6)8* R?] e*t (28) 

which agrees with the result given by Lamb (1924) and Lorentz (1927). 
) II. INFINITE CIRCULAR CYLINDER 
{ 3 

The equations of motion in this case are obtamed from the previous one by 


putting w=0, Proceeding as in the case of the sphere, the potential counterpart’ 
will now be obtained from the two-dimensional circular periodic doublet 


9= A log r emt 
Cx 


Then (u,, v,) and p, are given us 


“= -(4- zy y" | 
T T | 
E 2EY nt ’ 
v A ent, b (24) 
| p, —pin — et", | 
| J 
The equation of motion in the ‘viscous counterpart’ are 
bs 
~{Op,/dx,dp,/dy) + AVI (Uy, Va) FOLA, Y)=elQu,/dt, dv,/32), (25) 
and Qu; Oz + 6v,/Oy — 0. (26) 
We take | 
X — Qd /9z + ON / ay, Y =3@/ðy —3N[6«, (27) 
u, = OH (än, v= —OH (oz. ` 
The equations (35) can be satisfied if È, N and H satisfy the equations 
| Pa = o, (28a) 
and | H * oN = 03H [et. (26b) 


Since d N and H vary harmonically as ont we put ® = de"! etc. The equation 
(28b) takes thé form 


in o, ue? H, = oN.. (29) 
In view of the condition at infinity the solution of the equation 
Vi’H, + (in /v) H, = 0, (30) 
OH 10H in _ 


ig ` H, = K,((in[v)trj 
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í >` The particular solution of (29) is 
e = f f K (in [tN det dy'. (82) 


, Taking a force X = X,e™ in the direction of z-axis only ©, and N, can be put in the 


form SC 


1 s 
o, = =| [5 "AZ 08 7) dx’ dy', 
1 ” , Li 
= f [5e logn ae dy’. 
Let e | [xy der ay’ = X, 


so that there is a concentrated force X,c™ acting at the origin in the direction of 


(88) 


the z-axis. Therefore e 
































X. 2 
d. = —* —logR E 
PI Ehen (84) 
where r, & and dashes have precisely the same meaning as in the case of the sphere, 
Proceeding exactly as before lines we get, 
int ze 
H= Age Care d UK ,((tn)*t^) dr, 
27o Oy ^ 
x ent sl 
D = IT : 3 ` 
| 2np 7’ (#9) 
= Žo P 
Zen r?’ 
which gives 
—X amt /j 94)? X, nt ) 
i= Irion ( — SCH \fitor x, (i*ar) —1}+ E y K liter), 
| 
— X, en Hi 9 int a 
[o T fitar K (iar) 1} — 35 = K,litar), (86) 
Ps SE e't where T = a". 


Superposing this solution on the one due toa potential doublet, we get 


} A 1 23? )-;4 le N^ a 
DEN KSE e Yi it i 
u [( + ee dug ee tfar K (itar) 


ee tas 
EE K (iter) om, 
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Ds |(-4 + 2.8 IK SE KE ıtarK, (itar) + ia UK (tar) e, 





2miz’u) nt — Ozypio? 
X Lo uc 
= | A + : 0 ) mb 
is ( Arto? u y * (37) 


Ihe boundary conditions give 


docet | - 2i a, 2ia| ker’ (ax) +1 kei’ (ax)} | 
CU RCUD Sega. EEN +a — 
cke faa) +i kei (a2)] afker (ax) +1: kei 'aaj] 
m Anul, 


= ae cena where a is the radius of the cylinder. 


The values of the functions expressed in series are 


ker (2) = — log (iyz) ber z + — 7 bei TP EET T. | 

: | 

kei (x) = — log (4yx) bei z — 1 ber to lee à (1-31)... ; | 
| f (38) 

ber (a) = 1— ae ee | 

FM _ Ä | 

bei (a) tagt Er , where y = log(Euler’s const.) j 


Resistance. Asin the case of the sphere let D, and D, be the drags suffered by 
the elyinder due to the motions given by the potential doublet and concentrated force 
respectively, 


‘then D, = -a fp, cos 0 dë 


0 
= Arpide, (89) 


where 0 is the angle between the radius vector and the z-axis, ' 


Do = dE dd 


Don = — (Pa + 2u Su [x cos 6+ u(Ou/8y +9v/Or) sin 6. 





DI, X tni a . 5 : : 
Therefore D,=- Bue FU DAN a1|ker' (aa) +i ke’ (ag). | (40) 
For small values of a« 
1 or OO 
kel (aa) = —— + —, 
1 ( a) m 8 


) 

| 

(41) 
ker (a) = log Maas 7. | 
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As the radius a of the cylinder tends to zero 


fker' (aa) +1 kei’ (aa) E 


so that D, > -X e, 
where X, e is the concentrated force applied at the origin. 


Total drag D is given by 


t 


D= -ru U are! i- 4 ker (ax) +1 kei’ (aaj (43) 


ga ker (aa) + i kei (az) 


which agrees with the result given by M. Ray, (1933). 
IU. An Infinite Elliptic Cylinder 


The equations of motion in this case are the same asin the previous one We take 
(u,, v,) as usual the velocity components due to a periodic doublet which in this case is 


e - AS dread (o 7 cos 2y + 2£)]e! 


= —D ef cos y et", 
where A and D are constants. 
So the stream function 18 


y, = Det ain q eit, 


N 


which gives 
i u =—Oy,/dy, . ) | 
= Dale, | (45) 
p, = -ton Det cos 7 e", | 


To determine (u,, v.) and p, the velocity components and pressure given by the 
periodic concentrated force, we make exactly the same substitutions in the equations of 
motion as in the previous case of circular cylinder, getting thereby 


— 


o, = E 1 f fx, ae Ze cos 2n + 2£)dz' dy',- 


L (46) 
Ne à f [Xo I (g-9t Bos 25  26)da' dy’, | 
Ar b^ oy " | 
Leiting | of [x d dy eX. 
-ab ` 
P, = X,— CTE cosa, | 
` C ‘ 
= \ (471 


Gi 
1l 


, ab l 
ı = X.— CTE siny. | 
! C 
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Also Pa = oF, ^ (48) 
p V, H,— ingH, =—eN, = (49) 
Using the transformation 
(2 +ty) = € cosh (£4 uj) 


the equation (40) is transformed into 





c H d ' = A 
ae + Sa! ~ 4i2?c? (cosh 2£ — ccs Z2) H, = 2 {cosh 2£ — cos 25), (50) 
RS 
where A c? = nein Ce 


To find the complementary function of (50), vx, the solution of the equation 
OH, eH - TA : 
"ae E | — diac? (cosh u ZH, = 0 (51) . 
Let us put H, = HIE) V(g where U(£)is a function of £ and Viy) 18 a function l 
of o only. Then the equation (51) can be broken into - 


TU 





ae ` (a + $17?0? cosh 2£)U = 0, (52a) 
I 7 3 

2 
oV + (a + ġa”? cos 2y)V = 0, i (52b) 


2 


7 
where a is a separation constant, 


The possible values of V are the Mathieu functions ce,, C€,, Cé,. RÉI, Peh. 
correspond.ng lo values a, 4, @,. bi, b. respectively, these values being expressible 
m terms of the other constant in the equation. An equation of the form (52u) has 
been studied by J Dougall (1915-16) who considered the equation 

SU 


an (iac? cosh t-s = 0, > 1 (53) 
e 


H 


and found the solution valid for € = oo in the form 


G(v, s, ac, É) = È a^ (hrec) Gus (Facto), ` (541 


Hoo OI 


where 
Gils) = (2/2 sin mr) -m(2)— cos mad m(2)) 


and v is determined in terms of 8 only by a certain equation and constants a, have 
definite forms. 
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Now corresponding to Ce,, Cé,, 86,...16 18 found that v = O and that corresponding 
to Gë, 8€,, 6¢;,v = 1. Also the constants a’, have forms given by 


Ca = P(n + 4v)/ 9 (4v), (55) 
whero if 48 = y and łac = A. The function ® (z) is defined by 


A?z 


FOEDE EE MAR TM A oh D 


Q'(z) = 


where 4,, 4,2, etc. are function of a and y. The solution required m the present 
case for equation (52a) may be obtained from Dougall’s sulution by writing Gap in 
place of «c and will be denoted by 


g(t) = S aL dibuce7) Kus (3iTacct). (57) 
s=-0 


Accordingly a completo solution ot the equation (51) may be written us 


H, = (Autom + B 865) ym(€).. Se (58) 


l'or our purpose we take 


H, = Bs6,9,(§), . B j (59) 


corresponding to v = I. 


Now for small values of ac, se, is equal to sin y and to the same order of 
approximation g,(£) can be replaced by the single term I,($it xce75) K,(4i* acet) in 
the neighbourhood of the cylinder, the corresponding a’, in this caese being unity. All 
the other terms of the series when calculated contain ac, a^c? etc. Whereas the term 
retained, namely that corresponding to n = O0 contains the term of order l/ac. This 
justifies the neglect of all terms in g,(£) except the one for n = 0. 


Having found the complementary function of the equation (50) we get the particular 
solution as in the last two cases in the form | ` 


en 
SH e=] sin, (60) 
C 





H =| agin {I (it «co £) K (ik acet)t + 
2npla THE 


it being supposed that the volume of the cylinder per unit length is unity te. zeab = 1. 


The ease of the circular cylinder may be deduced from here by keeping tho 
semi-major axis a constant and letting £— oo. Thus c—0, cet/2—4a and the ellipse 
tends to a circle of radius a and the above expression reduces to 








(- Ae K,(itaa) 4- . Žo jj ain 6. 61) 
an pta Aruiz“ 


which agrees with the result obtained in the case of circular cylinder, en 
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Y, the stream function of the motion for a concentrated periodic forco is 











Yı =-H 
= X [CY = X, Si ini 62 
= ( 2o g,(£) Salt eE jsn yei., (62) 
Bupeiposing the two solutions we gel 
y = Vy. 
= | ED JA «(o - de ) ¿i } sin yet" (63) 
An pit npi7?c 
= (Ag, (€) + Bet) sin yom, (04) 
v here A = X, (apia?e), 


| 


Babes Ai). 

Thus u = —HA'c[cosh ésin? yfAg’ (é — Be-t]-F sinh? £ cos’ 4(Ag,/£) + Bezte! ` (65) 
v = bie sin y cos [sinh £(Ag',(£) Be — cosh Ag, (E + Bettler (66) 
Dia Be cos ye and h? = L/c’(sınh? € + sin? n), | (67) 


the dasbes denote differentiation with respect to £. 


The boundary conditions give 


— 2npiac (et 
DST 


D = U,co&{—2/a + cosh £49. (al ^ sinh £jg',!£,i 
191 (Eo) rg all 


ee mn —————— 
— 
& 


Resistance. The drag component given by the potential doublet is 


D, 


| 


ds 
J — p, sinh £, cos ycdn 
0 


= 1ua®cz De Se sinh £&,e'* (69) 
taken round the transverse section. 


D,, the component due to the concentrated periodic force, 18 


D, = II: +2u = ) sinh £, cos EE cosh £, sin A cd 








= echter") “Ae smh be së g,(E,) cosh a£, | ern (70) 
m pa. Ampia 


with the order of approximation taken initially. 


P 4596 
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Now as £0 1,2 - X, o! (71) 
where X, €"! is the concentrated force applied at the contro, 


The total drag is given by 


{cosh £g.) = sinh &,9^ £9] EE S sosh 26, |172 


TT Ucet sinh é 
LE ge d g i ^ >v 
i 9i * 9^.) 


gi.) * g^. (69) 
which in the value obtained by Ray (1986), 


In conclusion I thank Prof D. R. Seth tor his kind holp im the preparation of 
this paper. 
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A NOTE ON DETERMINANTS WITH BINOMIAL ELEMENTS. 
By 
N. N. Gmosn, Calcutta. 
(Recerred— September 24, 1953.) 


A 


1. Let G denote a matrix of the n'^ order in which the (1,5, element is 
Jy = as t dy. 


It is the object of this papar to obtain a canonical form to which | G | reduces and 
further to, extend the process so as to be applicable to any minor of G, We note (Rice. 


1925) that ] G| is, in general, made up of 2” determinants which are classified as 
follows: 


() 1 determmant with n rows containing a’s only. 


(1) Te, determinants with (n — 1) rows containing a’s and 1 row containing b’s. 


(r t 1). "c, determinants with (n —7) vows containing a’s and r rows containing bie, 


(n 4-1). 1 determinant with n rows contaming b’s only. 


2. Lev us denote the matrix (ag) and (b,,) by A and B respeelively and the inverse 
of A (lA[F0) by A7! = (a*7) so that i aga = i Consider now the product matrix .C = BA- wä 


The (i, 7)" element in this Se 18 then expressed as 


C! = X bet) | (2) 
L—1 
et I, denote the sum of all the "c, diagonal minor determinants of ‚th order in the 
matrix C, Observing now that all the "c, determinants in ihe (r+1,! class noted 
above, when multiplied by A! give only diagonal minor determinants of C of the rt 
order, distinct from one another, it follows that the value of the product | G || A^? | must 
be I4 I, 1,4... In. Hence 


lJa 5A T, HI +... + IS) as! (8) 
which is the required canonical expression. 


Tf the matrix B is such that |B/+0, we getan alternative form of (3) by inter- 
changing a's and, b’s. This will introduce the matrix inverse to C. If, however, B is of 
rank r, the rank of C is r and the canonical form of | G | will be given by 


lgg[S(1 +1, +1, 4... + I,) lay). (4) 
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Replacing by in (1) by Abs, where A is a parameter, we get 
Jag t Abg | fl ZA, HAL +... APIS) | ay. _ (5) 
Hence the determinantal equation | a,;+Ab;;|=0, is equivalent to 


WEE e SE dd ISO. (6) 


9. Next we proceed to obtain a formula similar to(8) corresponding io a minor 
of |G| derived by striking out a set of 8 successive rows i,, i,,...i, and a set of successive 
columns j,, Is. Je, We observe that this minor of (n — s8) order is equivalent to a determi- 
nant of n'è order | G' | derived from |G] by replacing the elements of all the i-rows of | G | 
Dy zeros except the 8 elements (i, j), (ia, jo... (44, 44) 5, each of which is replaced by 1. 
Let us cali similarly-construcled minors of | A] and | B | by [A| and | B’| respectively. 
Now denoting the (n—5) remaining rows by IL Je in succession, | G' | may be 
broken up into 2"7* determinants of the n order in all of which the s i-rows are identical 
and same as those in [G'|, These determinants are classified in respect of the (n — a) 
l-rows as follows: i 


(i) 1 determinant A’ in which (n—8) i-rows conlain a's only 


(r+1). ce, determinants in which ‘n—s-—r) l-rows contain a's and r l-rows 
contain b’s. 


(n—-8+1) 1 determinant B’ in which (n— 8) l-rows contain b’s only. 


4. Consider now a single member of the (r+1) class noted above and multiply 
1t by Al An i-row, for instance ip, will contribute in the product a row iy, containing 
elements a’*', a’»*,...a" in successive columns. An l-row containing b’s will contribute a 
1 ct " 


ecrresponding l-row containing elements c; , fr, An l-row containing a's, for instance 


lp, will contribute an lp-row of zeros except the diagonal element (lp, ly), which is 1. 
Hence the product is a determinant of (+7)! order. It 15, however, easy to see that the 
totality of such “c, determinants is represented in the sum of the "me, diagonal 
minor determinants of (s+r)‘* order that can be formed from the matrix C’=B!A-! by 
including always the 8 i-rows, Let us denote this sum by 1, Then 


|G’ || A71 EE TEE el 
whenee 
| G^ | es E E ru (7) 


It must be noted here that I’, represents the diagonal minor of TOL m symbolic 


SUN GE 
notation ( Se 3 e and 1^4. , {he determinant | C’ | itself, 


li, lapels 
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8. In the recént unified field theory of Einstein the fundamental determinant | G | 
of the non-symmetric metric tensor g,, yields a determinant with binomial elements when 
the metric tensor is split up into its symmetric and anti-symmetric parts. If B is 
symmetric and A anti-symmetric, then, since n=4 and I,=1,=0, the formula (8) 
reduces to | 


| go [= zi HI] a |. (8) 


Similar simplification is possible also in respect of (7). It is found that the contravariant 
tensor g?' is given by the equation 


|G] ger=|B| be +] A | at — (b^*a,gb8*) | B |—(a**b,5a9*) | A | (9) 
cofactor Of Grp 
where Bye een HT 
d ia] 
DRPARTMEXT OF PURE PHYSIOS 
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ON A GENERALISATION OF HERMITE’S POLYNOMIAL-—I 
By 
PHATIK CHAND CHATIERJEE, Hooghly, West Bengal. 
(Recewwed- August 18, 1958) 
4. Introduction. The object of the present paper is to generalise ordinary Hermite’s 


polynomial H,(z) of integral order n and to study some of their properties. Ihe genera- 
lised Hermıte’s polynomials Heme) and H4,,,(2) are defined as 


Himle) = o8 DEM (e) (1.1) 
and 
Hima (2) = spe prev cat (1.2) 


(k) 
where (i) mand mk are positive integers (including zero) 
but (i) k #0 (clearly k may also be fractional) 
and the differential operators 


d 





- wd 1 1 . (un _ (k) 
(iii) Dg EA 7,’ (iv) Die" E Dg so that 
(v) D = 2 and (vi) Dem means the operators Du 


operating on a function m times succesively. 


Obviously fork = 2, the H;4- polynomials reduce to the familiar Hermite’s poly- 
nomial H,,(s). 


Actually operating by DÈ on e" term-by-term m times successively, we ech 


km ` wi sel (m+1jk ; 
DI lane) (—) A? ae ‚Fı'm+1j/k; 1/k; — g^). 


Applying Kummer’s first transformation, vis. : 
Fa; 0; d = el Fi(o—a; 0; —i1 


we bave therefore 


= (_\m aml (m +1/k) 
Amis) = (-)"k TR 


Next from (1.2) n 


‚Fı(-m;1i/k; a). (1.8) 


—67* Hy (2) = Dim Brea = DEY DOS? (e) = $177 fo" Hyg) (1.4) 
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80 that by (1.3), we have 
L'(m +1/k 4-1) 
Hy, = (Mami A7 E) qoo Cog L/h ab 
inti (4) = (7) Dü/krl) ! ‚(-m;1+1/k; 2”) 


Now using the formula 





l m! 
(—)"(—m), SS 


(m — zl 


we easily derive from (1.3) and (1.5) the following expansions: 


H = (=) (m+ 1/k ( ) re 
km) = (=) / )> m—r / I{r+1/k) 
, and H iz " m an. ( — )rgkr+1 
Ems (2) ES (—) qm 4 1/ +1) pa T(r+1/k +1) 


(1.5) 


(1.6) 


(1 8) 


2. Generating functions. Multiplying each term in the expansion of ,F,(1/k; 
— 2*h*) by oh and then integrating term-by-term w. r. t. h over (0, co), which is quite 


justified, we at first notice that 


f era; — gh) dh = DL +1; kje“? 
0 
Then operating on both sides by Dit} m times successively, we get 


(—)m kam f oh hEMF (L/k; EE 
l 0 
= IT(1+1/k) Dg) = I1 -1/k)e H ya(2). 


Therefore 


e-* Hi (a) {mE 1 f -A*(1 i*) F o * E 
eg, AE EE H iE: ah H 
a em Am) Hm)  " fk; —a'h') dh 


e- G'IGort?)) 


= Uu where | | « 1. 


Now utilising (2.1) in (1.4), we may similarly derive: 


e7* H; myle) = (— PIS J echbistilk, PI +1/k; — gi h^) dh l 
Ge KS EE (jz E 2): 
=, Kal tan OU HB 


Finally we may put these results in the forms: 


Hy (z)t"* = esti) - 


— PP +m) (en 


(2 1) 


(2.4) 
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and 


V Hutt _ A or Ot) 


ni fey ANM 2.5 
Ze ml (rfj SS 


where |t|<1, and consider them as the generating functions for Hynlz) and Hınzı (4) 
respectively. 


3, Differential equations and Recurrence relations, By ordinary process of 
differentiation, wo can easily prove that 


(atk (kii 4-1) 


k D (hin) b 
D; [e^ Jb Haf, (0679) + (km + ID) (en )\= 0, (8.1 


where the differential operators have their meanings as explaiuod in § 1. 


By (1.1), we therefore deduce: 


TNR M | 
D fe" Hinla)} + d e erf weil 5 (uk + Lom Hunt] = 0. 


Simplifying this relation, we finally see that Hy„(2) is a solution of the differential 
equation : 








2 — 
ca f k 


— bat) EN + nk’ztw = 0. (3.2) 
dai da 


& / 


Again from (1.4) we get 


2*7? Aims (8) — ka Hy (2) + Hh (2) = 0 


x 


and if we differentiate this equation w. r. t. 2 and then utilise (3.2), we obtain: 
H tm ea(#) = klem +1)H imle). (3.3) 


Differentiating (3.3) again w. r. t. a we finally see that; Him,,{8) 18 a solution of the 
differential equation . 
2 
E —ke*t-1 Ze +k(km +1). w = 0. (3.4 
dz? dz 
Thus (8.2) and (3.4) are the differential equations satisfied: by the generalised 
Hermite’s polynomials FHym(z) and Hzg,,,,(z) respectively. We may call these equations 
Generalised Hermite’s equations, 


Next to find the recurrence relations for these polynomials, we may at first note 
that (3.8) may readily be taken as one of such relations. As for others, we. may proceed 
thus : l 


Simply combining (2.4) and (2.5), we get, after same easy simplifications, two 
other relations, vis: 
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H png (4) —he Hag(2) + mk? Hg gk, 18) = 0, (8.5) 
and Hiel = mk!st? Hy iz). (3.6) 
Now differentiating (8.6) w. r. 6, 2 and then eliminating H"j4(s) by (3.2) we have 
indes? HN gs (a) + kh —2)2 57 Hs o (2)] 
k—2 


= {hat 1 A Hill -mk’e Hy (2). 


I{ we eliminate H pn-i4,(z) and H'g,,(e) in this equation by (9.3) and (8.6) respec- 
Heen, we finally get 


Hyg (a) — ka Huy a 1 (8) + k(km —- k +1) Hg. z(2) = 0 (8.7) 


Thus (3 8; and (8 6)—(8.7) are the four recurrence relations connecting the genera- 
lised Hermite's p lynomials A;„(2) and Hymıı(2). 


4. Orthog nal properties. Multiplying both sides of the differential equation 
for Hi (2) vie: 


du 
dz 





de ze dw Tank zl- w= 0 
g dg 


by e-*2?-*, we may represent it in tho form 
Zi: 6-H, (a)t+ ml?o-" Hilo) = 0. (4.1) 
For r= m, we have similarly 
S et-no-^ H (a) +rk*e-” Hy (s) = 0. (4.2) 


Now multiplying (4.1) by H;,(2) and (4.2) by Hyzm(2) and then subtractmg each 
other, we get finally 


(m —r)k*e- * Hy. (2) H,, (2) = re "(Eh (5) el -Hu l8) Halet), 


Integrating over (0, oo) we have therefore for rz 


f o7 " Hys(2)H()da = 0. (4.3) 
0 


Similarly multiplying (8.4) by ez" and proceeding as before, we can prove that ` 


for rm 


8 ek el leide = 0. (4.4) 
0 
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Now by (8.8), we have: 


~- kim +1) f ec" {Himla de = f e7* Hyg(2) H'yu 4 (2)da 
0 “o 


=| ek ml} da, (4.5) 


0 


— integrating by parts and then making use of (8.6) and (8.5) respectively. 


Also by (8.6), we get 


mk? f octets acie) de = | 0°" Hisl Ha Ms 
0 0 


Intograting the R. 8. by parts and utilising (3.3) and (8.7) we have similarly 


f e~t SH, (2) Pde = wie | art essa) da: (4.6) 
0 


0 


Now changing m into (m —1) in (4.5) and then combining the rasult ith (4 6) we 
derive: 


IR = kri + 1/k—1) f e" SL im—1)(2) de, 
0 


0 


from which it easily follows by induction that 


J 


0 


o 


o- {Hpne} de = 147-1T(L + m)T'(m 41/1). (4.7) 
Utilising (4.7) in (4.5) we further get 
f o7 "ah Hy sar) ds = Amt 1 m)T(m c 1/k +1). (4.8) 
0 


Thus combining (4.8) with (4-7) and (4.4) with (4.8), we have finally 


[er Haale) Hi Ae)ae Eu L UO F m) Lian +1/k). | 


0 } (4.9) 
(form=r) | 
= 0 (otherwise). | 
and f en 2 Hw leif leide = k1 + m)D(m+1/k +1) 
0 (4.10) 


(for m = r) 
= 0 (otherwise). 
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From (4.9) and (4.10) we can now define two functions 


eX" Ain (2) 


Pinlt) = rs ICE m)D(m +1 OF 


= "he ehk 1H, at 1(#) 
d op = 6 hm+1 
= tml) = aH A m) mn t1 /k +} 


which belong to the class L'(0, oo) since k > 0, and form a complete normal orthogonal 
system for the mterval (0, oo). 
5. Contour Integrals. Consider the integral : 
1 (0+) 


Oni J 


T= (gh — t)" eli--ikgqt 


where arg. a has its principal value and the path of integration starts nt —co on the real 
axis, encircles the origin once in the positive direction and returns to the initial point, 
so that the branch-point £— 25 remains outside the contour. 


Also | arg t| <7, so that the mtegrand is made one-valued and that value of 
arg (ct—t) is taken which —0 as t—>co, by a path lying inside the contour. The integrand 
evidently represents an analytic function of z under these conditions. 

Now expanding (z*—t)™ and integrating term-by-term by ‘the help of Hankel’s 
formula: 


1 e 
E ett- (trt di 
I(v*r-rl) 2m) 


we easily prove that 


Fe 1 farm km(km-k+]1) Ate A1 4 km(km —k + 1) cm — I) (km —2k + 1) 
T(m+1/k) 1! k? 2! kt 


which by (1.7) 
e Hi ls 
Lotte 4 1]k) 


Thus we have: 


(0+) m 
Selen Don t 1E f (£ -iy eim at. (5.1) 
Tl 


— 0D 


In hke manner we can obtain: 


(0+) k m 
Hingis) eDim CEO, | (£-1) e - 1-1 qt, (5.2) 
TT 
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The formula (5.1), and (5.2) may be looked upon as the analogues of Schläfli’s 
contour integral for J,(2). 
Next the integral 1 
f e't- m-1(1 — t)mtilk-1 dt 
0 
‚where m <0 and m+1/k > 0, may be put into the form: 


e gk l 
> ZZ f p-m- -i dt, 
T 
0 


r-=0 


Evaluating by the help of Eulerian integral of the first kind, which is perfectly 
legitimate under the given conditions, we see that the above series is equal to 


* abt T'(r— m)L'(m +1/k) 
r] I(r+1/k) i 


r=0 


Now making use of (1.6) and (1.7), we finally obtain: 


(—)™h2m 1 


Hi m(#) = Tim) 
0 


oisii-—m 201 — f)mHik-1 dt (5.3) 


l 


where m < 0 and m +1/k zu Similarly, we have 


ae Im l2?» 1 


1 
Hym+1l2) = Tem) d eti-m-1(1—1)mtuk dt. (5.4) 
0 


where m < 0 and m+1/k >-1. 


6. Next let us consider the integral 


Iz f zrtlg-4e) (az) SI 3 ) da 
-0 ' 


where J,(z) is the Bessel function of the first kind of order v and R(v) > —1. 
By (5.8) we have therefore 


I= (—)™k3m i 


1 
— um ine gvtleg-irJ. (aa) às f i-9»-1(1—1yntlik-1lgrh*' di 
row) | ( (1-1) 


0 
where m «0, m - 1/k > 0 and R(v) > — 1. 


Under these conditions the double integral is absolutely convergent and hence 
inverting the order of integration, which is quite permissible, we get 


£ ( —)m}3m ~l jus 
H =| t-m -1(1 —t)mtl/k-1 at [ e? 1-27 (as) dz 
(—m) J, : 


(-)m kmar f oe "E 
oun i OL i-m-i(1-—10)mtt-v-36 310-71) 
I'( —m) i 


y ! i 


6 ~1906P—1. 
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Now changing the variable t into ¢ according to the relation 


fee. 
1+¢ 
we may rewrite the integral in the form: 
— YM Mav a fat ” 
pai S Ep d (7971(1-p t) 1-1&g - Het di CAS 
Q 


where m < 0, m+1/k >0 and R(v) — —1. 


Also frem the known integral (Whittaker and Watson, 1927) 


sei i Ah uam M 
etie mapa inis t) e-tdt, R(m+}-A)>0 
0 
we easily deduce 
Ka 
| Caer +i ti- the - 20% dt =21tir mV] — m) ata g^ t -»-3 
0 


x Wigs gm-ifi, Ai be 4m-1m (ia?) 
so that (6.1) can be easily thrown into the form: 


glk 


[irte (aa) SÉ Sa da= (—)nkimgrtio mio g= 40 
o 


x amt Ue m pm - 1 (367) (6.2) 
where m « 0, m - 1/k — 0 and R(v) — - 1. 


Now by applying the principle of analytic continuation, we may see that the 
integral (6.2) can hold only when 1/k >0 and R(v) >—1. 


Similarly starting with the integra! 
i , galt 
f. grti-lke- de J.(a2)Hinsa( Dr ) da 
o 


and proceeding as before, we can prove that 


a 2/1 
T ere" (as) Himsa a ) da =(=)" kemtigi- m+) 
0 
e deg mE -1 W Leda n-1/24, dv— t 1/28 (3a?) (0.8) 


where 1/k 2 —1 and RE(v) — —1. 
The integrals (6.2) and (6.3) can obvicusly be represented in more elegant forms as: 
[error ran Him(2) da= (—)nk2n-192- m-1kgmt 1k -2 


0 
e" Wicirim-ime ehe) (6.4) 
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where 1/k > 0 and R(v) 2 —1; and 


[oes -2J (ask H vut 1(2) dg = ( —)™f2mQl—m—-ifkgmtifk—-1 
0 
e 7 VW a anam, p» 4-12 (192): (6-5) 
where 1/k>-1and R(v) >-1, 


Thus we evaluate two infinite integrals (6-4) and (6:5) involving the product of 
generalised Hermite’s polynomials with Bessel function of the first kind of order vin 
terms of Whittaker’s function Wr sei), 


Now replacing the W;,,,—functions on the R. 8. of (6.2) and (6.3) by ,F,— functions 
according to the formula: 


I'(i-m-a) 


a$*,P.(—m; a; 8) esr 


e* W sg qa-o(2) 


and then making use of (1.8) and (1.5), we easily see that 


Pr e gilt 
wl 
2/k 
vr i-2/ko- re" 2 
and a Zon 


are + R,t.e., self-reciprocal or skew self-reciprocal according as v is even or odd. 


7. We: next evaluate some infinite integrals involving the product of several 
generalised Hermite’s polynomials of the types: 


i oi 
rees (Une P ol f eP? H pm (a, 2) Hg, (052)... Arm, (0,2)d (7.1) 
Itm sepas m.) E 
and a a.: l Kei 
pm. ‚dr, D. — -pz* l—] 
= | e P24“, (0,2) H 4,2)... 
testa [nm tete 


viel EEN EH da (7.2) 


where p, Land a; (fori = 1, 2,..., T) are all positive. 
We consider three cases. 


Case I. Whenr = 1, (7.1) and (7.2) assume the forms: E 


rf, f o Himla?) dg 


km 
0 
and l | 
a;p,1 
— ,—-pz'4k-1 " . : 
EE db 1 H pn, (a8) dz. | i 
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Expanding Hyg, (az) by (1.7) and then integrating term-by-term, we got 


I e Ge yam-ıL'{m * 1/kXo* — 9)" 
Am pni 


Similarly 


19 P9 1 _ qs Tm 1/k e 1)(a* p^ 
lm A1 pom 


We have therefore the following operational representations ; 





gib Hy, (E) = Ken] m A 1 x) oP)!” 


pm*ihk 
and 
J] —p)™ 
Hg (2) RT m +1/k+1) re 
Case II. When r=2, (7.1) and (7.2) become 
à, Da, p... d er H 
k(m,, ms) — H ° km, (0,2) Him, (452) da. 
and 


01, 0,5; D, 2 


= DÉI yka? . 
RE ee? 8^7 Hyg, (0,8) Hrm, (0,2) d3. 


0 
Expanding Him,(a,2) and Hy, (2,2) by (1.7) and then making use of (1.6), we have 


Unda P tri moa pago SS (N= me (1—1/k— m,(— mj, (1—1/k— mj... 
k(m,, m4) riala a, 


r= l rm 0 
e 
J aan mr dg, 
0 


I'm, +m,+1/k) m, m, (—mj),(1—1/k —mj),(—mj,.(1—1/k — m4), iu be 
pm tm til 22 |^ —— Tf'(ü-m,-m,-llh. (p/a ) (p/a, y 


— iem tm)-1g FMg km, x 


1/k 

ERI Li F,[- m, 1-1/k-m,; 1-1/k-m, —-m,;l—m,—m,—1[k; 

p/a,*, p/a,*] 

where F, is Appell’s hypergeometric function of two variables. Using the relation 
(Bailey, 1985) 


Fifa, y-a; B, 1—8; se y] 5 (1—59)**97"F[o, B; 4 +y ey] 
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we have l : ' E 


pou aP qam mpi Im, ma 11K (2,2) (a t — p)" 


k(m,, mg) pner atifk 
F| -m 1—1/k—-m,;l—-m,—m EH (7.8) 
2) a) 1 2 ? "(aa . 
Similarly from (1.8) 
Maar), 2 _ 12m mp4 (mi ma t1/k+ Lie, pue Sc a jr +1 y 
k(m, +1, m,+1) EE 
kugba 
F| —m,—1/h, —- Ms} Eed (7.4) 
(0,0) 


Now, if in particular, we put k=2 and p=1 in (7.8) and (7.4), we get Bailey’s 19486) 
result (1.3) which also includes those of Busbridge (1048) and Titchmarsh (1948). 


Case III. Now itis clear that by the method as in Case II, the general integrals 
(7.1) and (7.2) can be evaluated as a Lauricella’s hypergeometric function of several 
variables for general values of the a's. But we next propose to evaluate two more 
general integrals in a different method. 


From (1.1) we at first notice that 


L(m-—1) 


[er mco) de= | D, (e 7)D fe) (z)}ds 
0 0 


where f(a) is a polynomial. Proceeding ın this manner, we have finally 
(kin) 


f o7? Hy, (2) fla) de= f: e" DO ada (7.5) 


0 Q 
where f(a) is a polynomia!. 
If we now suppose that 
fiel = Hem, (4,2) Him, (03%) -Him (ar) | (r2 2) 
we can easily verify from (1.7) that 
D T 


p 09) = 0 if m> > m, 


I{m+1)I’Gon+1/k) r 
E el N, n = , 
Dam) a, a ifm 2, mi 


But when m chu we have complications depending on the difference (m — Zm,) 


and we do not propose to discuss this case here. 
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From (7.5) we therefore get 


en fm > Em | | 
= kq Eng, Em, gk Tn + 1)P(m +1/k) KE 
if mz Zmdr > 2) | 
similarly, we have 


lau, 5 Bei 1, 2 $ a 
3 = 0 if km+1l=k > m+r 
k(a-F1, mitir mi t1) fm] 


= Kimt2/k+l-2/lr,. 


) 
| 
! 
} (7.1) 
gti obs) adr RTE Dim + 2/k) 
TOA 
if kmt+1=kim,+r. 


Now putting k=2 in (7.6) and (7.7) we deduce the result due to Lord (1949) 
8. Lastly we have 


| 671 Himla) sales pi Bises Bg; Lei de 


0 


(p<qand |t| <1) 


Ion: Mp/n t if Himla) #8" dg 8.1 
=> peret (B. In-- M: = Ce 
(term-by-term integration being valid under the specified conditions.) 

Now by (7.5) 


[or Himla) ds = [or DEM em dz 
"o 


0 


and actually operating by D a on ef m times successively, we see that 


De bn) — gam T'(n +1) D(n+1/k) 450-7 
k 


I'(n—m-41/k)I'(n —m 1) 
for nœ m. Therefore from (8.1), we get flnally 


0 


few Fim (8) pFa(n,,..., Ge? B4,..., Ba; te”) de 
(oe qond|t| <1) 


f di 
c= t™?M™—-1D'(m +1/k) ae Gor ube? m, ,0y m, m+i/k; 
1 mee 7/18 


PIEM, Bat m;t) (8.2) 


ON A GENERALISATION OF HERMITE'S POLYNOMIAL—I 39 
Similarly, we have 


f oo Fgh) (8) pFa(nys tp; Bu Be: ba") da 
0 


_ fm yim [{m+1/k E 1)T' (m 2/10 faalen, (np) m " 
I'(m zU OI TB: )m---(Ba)m 
peat gea(%y +My tp tm, mt1/k+1, m+2/k,1; 
8,4 m,..., Bot m, m+1,2/k;t) (8.8) 
where p ;qand|t| «1. | 
We shall next consider some particular cases of (8.2) and (8.3). 


* Since for all values of p and v 


aD 


= (RT (y * v 2m +1)(ha)et n? 
Lor e > m IT (p 4 m - DU (vtms 1)D'(p v t m4 1) 


m=O 


we have  I'(1-4)I'(1--v) ( S Y 1,06.) 


= P(E, ates ;Ira,1i+v,ltrutv; el 


and therefore we deduce from (8.2) and (8.8) the following integrals: 


f e Hm) Hatt |J, [ (35) 4] 27309 dz 
0 
E (—)nk$»-1T (m + 1/K)T(k tr du dv - m) + but gut m) " 
gm iov) TR) + i 9 mill o v 4 m)IYL o pt+v+m) 
Fli Su dv m, lo dpt divom, mt+i/k;l+p4tm, 
l+vrm,il+u+tv+m; -}) (8.4) 


and f e- Hygsai(2)J ,[(32*)*]J, gar) ae! dg 

* 0 
(—)"k** Dim + 1/k 4 1)P (8 €-2/ K)V (s+ $n + 4v+m)I’(1+4u+4v+m) " 
gmttGctOl'(m-r1)P(2/K)D(3)I' + pu +m) (14 v4 m)I'(l gir v4 m) 


RA t dpt dv m, 1-- dn dv m, m -l[kr1,m-c2/[E,1; 
Ll+tptm,ltvtm ltptytm, ltm, 2/k; —4) (8.5) 


Next since (Meijer, 1985) 
2p 
Foo ps ltu 2p 1; —2*[6*) Id za a" = Ip(w £) Je (2) 


ne 


* Whittaker and Watson, loc, cit p. 880. Ex. 9, 


40 P. C. CHATTERJEE 


we have similarly from (8.2) and (8.8) 


f eG), 9867 t de 
0 
(—) "kn Dim 1/0) DG YEU JP x 
~ Stat ingin D +$ntm)Cil+futm){VU—p)Prii+p+m) 


Py(mtifk; 5 dum, 1+4u+m, l+pt+m; —1/6*) (8.6) 


and d e7* Ay mala) a (939)J (ett g^ O7 30 71 dz 
0 


(Pk (m 1/k 4 1)D(m -2/ AEAT + nl "(1 — u}? 


—OQhaimdinT Un + 1)T(2/ Dir but) Dr An ml - pm) 


x 











„Fm+1/k+1,m+2/k,1;4+4u+m, 1 dp t m, 
Ltptm, m+1, 2/k; —1/6*) (8.7) 
Again since * 
alle, 0—a; o, be, o t à, 127) 
—e7*,F,(a;o; 2) ,F,(g—a; 0; 2) 
wo get, after a slight change of variable, from (8.2) and (8.3) 
DQ 
| 67" 7 Hy (223) F(a; @; 2) ,F,(o—2;0; 2) g-i da 
0 
_ rikmi te" a+m)I(o-a+tm)Iim+1/k; 
mte Doa) +m) U(&o4 m)U(3o 40$ 4 m) 
Raim, o—a m, m+1/k; o^ m, hot m, doc à £m; 4} (8.8) 


a 
and Í CPT yy (22/4) Fal; o; 2) .Fyo—2; o; #2 dz 


0 
ET elt (x + elt (eo + mim +1/k+ DP(m + 2/1). 
im eT (x)I(o — a)l (o + m)L (ho + m)I 3o + 1 + m)E(m + 1)1(2/h) 
,Fy(& m, o—a- m, m+1/k+1, m+2/k,1;o+m, te+m, 
je+i+m, m+1,2/k;h (8.9) 


nte jee FI 


‚a+1l;3 
a RP 


Now as 


Mi (a) 2 2**tte-tt F (m 1/2—5; 2m+1; 2) 
and t Ela, B::2)— P(a)1(8—a) zs Fila; 1 «—B5; 2) 


* Bailey (1985) loc. cil. p 97. Ex. 4. 4) 
t Itis the E function of MacRobert (1942) 
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we can easily deduce from (8.8) and (8.9) the following special cases: 
eo 
() EE 
0 


(=D HlfEI(eeDT(nelu mon) 
amtet D(a -E m 4- 1)D'(m - $a tr 3) Dia o 1 9 3a) D(n — m 4-1) 


X ,f,(m—n, mt+tnt+et+l, m+1/k; mtatil,mt+gath, mt+1+4e; 1) 


(ii) J mem NLP OM Ate Ae (8) dg 
0 
" ( — )"zik?9 t 1D'(m -1/k - 1)T'(m &- 2/ E) D (a t+ 1)» (o 1 4 m n) 
22m e T] tan + 1)'(2/ E) (a + 1 2- m)D'(8a 7-3 7 m)Y (a 7 1 m)L (n — m +1) 


sF,(m-—n,a«-t- 14 mn, m+1/k+1, m+2/k, 1; 


a+l+m,da+4+m, Ja+l+tm,m+1,2/k, }). 


(ii) | a^ -sl2g3I 1-8 B) FT, (aS E (a, 1—8::2) Wir, en, 41-a- 8) (2) dë 
0 
- rA T'(m --1/K)I(a A m)I'( + alle +p —a - 8)? 2 
Cent KA KEIER +8 4+ mde + $6 4 miU(32-- 8 +4 + m) 
f3(2+m, Btm mt 1/k; «84m, da -- 88 +m, $a 58 8 m, 1) 


a 


(iv) d e-’-sl2z1- (Be BIS, (eil (a, 1 =B - g) W 1(.— p), 4(1-a-8ß) (2) dz 
* 0 


20 tk Dm + 1/ k e£ 1) (m+ 2/ E) E'(s +m) I(B +m) (Ta + (0.7 «- 8) 


Qe BNL — a) Tom + 1I] ED (8)E(s + B+ m)L (ha +48 + m)L (3a + 38 +4 +m) 
x ,F,(a4- m, 8--m, m+1/k+1, m 2/k, 1; a B m, da 38 m, 
42 +48+4+m, m1, 2/k; 1). 


In the same .way, by replacing the ,F,-functions in (8.8) and (8.9) by those special 
functions which are expressible in terms of ,F,, e g., Bonine's polynomial, Bateman’s 


functions, Weber’s parabolic Cylinder functions, etc. we can obtain many other 
interesting integrals. l 


In conclusion, I wish to express my grateful thanks to Dr. 8. C. Mitra for his 
helpful criticisms and advice. 


HOOGHLY MOHSIN COLLEGE 
CHINSURA, WEST BENGAL 
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CERTAIN THEOREMS ON SELF-RECIPROCAL FUNCTIONS 
By 


K. P. Boatnaaar, Lucknow, 


(Communicated by Dr S. C. Mitra, Received—May 19, 1958) 


1. The object of this paper is to give certain theorems on self-recıprocal functions 
under the new transform and the generalised transform with the kernels «,,,,(z) and 
Tr, na. n (2) defined as 

() i zy \ dt 
ul TY) = (xy f GEI E 17 (u+% > 0, v+4, > 0) 
0 


(ii) 





om . 
CHEN n, (zy) — f J Tn., 5, T = ) dt (n4 +4 >05 =, Do) 
0 


In a recent paper | Bhatnagar, 1954 (1)] we have proved in detail that the kernal w,, Lë) 
does play the role of a transform. In another paper [ Bhatnagar, 1953 (2)] we have hinted that 
the generalised kernal «4,4, n (xy) might also play role of a transform but we have not 
shown that it plays the role of a transform, Here we shall give a formal proof to show that 
man, », (2) does play the role of a transform. The detailed proof can also be given on the 
lines by Titehmarsh (1948) or by us [Bhatnagar, 1954 (1)]. 


2. Weshali now show that the integral 


Try engel 28) = e» | | =) Jn fta) Ja lta) dn, =1(tn-3) E ES ee 


SE 5 CR E EE EE CN EE baal 
can be regarded as a kernel which gives rise to a transform, at any rate formally. This 
transform has nct, I think, been noticed previously. 

Let, R(n,+) > 0, Rn, +4) > D... Bit, +4) > 0. 
and define wn, a. n,(zy) by the above integral 
g(x) = IER n rz)f al da. 
0 


Therefore, 


f = n nl BIG de = f Je ‚(zeyaın, .n.(ep)f(p) dp dz 


=f lJ tony Int) Into)... Jn, -1(tn-1) LL) 


y dpdadt,dt,...dtu-ı dT, AT, A 
x Ju T.) Ja (0,).. In (Tu dÄ c e ) fle) repa E 
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Now 
f [iE EE 
A d Vias a SATT oad NED EE E NA. 


U [fe |" m Zu HEEN 


NE Ele 


eases VE Fuite (zv)* da a fi d (pe) (pz)* dp 
0 0 


=T, T,...Ta-if (Pep) by Hankel's theorem 
IERI 
where, - zT, TT. =) 
t latas 


Hence 


i f J: ; LCA FAC E E E E, 


. T, f PS UNE y (Fae T5. Ge H 


t, dt;...dt, dT dT, ..dT, 
CL Ly DS at, Nar g 


Again 


Kéi ao 
J fs Ra- (ge 1) dus ue DDTa- ibys OI Ee lan iz Dea) Sur ln üt. pu 1 


= [74 zT, T. T, s hip at d t NY dt... 
i Sa (SE SE S 


dE (T, dë 17 
0 


i 


ET, Tiat 


now by writing "a a A E = fox 14, .; and changing the order of integrations and then 


writing T,~1,-1 for Ta-ı and assuming that changes in the ord.rs of integration are 


permissible, we get 
(A T TE = 2 22 ) 


ZEE Jf v. (tds PL s ct cin maie y 
cl SE ge XE 


x f (E Diti, dt,...dt, sd T, dT,...dT, 3 


i, gast n-2 
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T wW T 
| J d. Dall (Ts asit De Tuc) din- dT, s 
A us D tss taa 


0 
99 Fr E 
_ f Frcs (s T, E OR x T. es Ta dy 
o 1 “gees nod 1 "3::*"*9—À 


. x f da, (T cot 2) (t£, Aa S) f (Ty, 2) d Tu- 
o 


hh a TE. MM 
E505: 


and proceeding ezactly as before, we have ultimately 


r= f f dat) tnt) ¢ (FE) cris at, 
0 1 1 





= J d (zt) Lt, at, | (T, t,)* f(T,) Ju (T6) aT, 
te " de 


= f(x), formally, by Hankel’s formula. 


Consequently f(z) and g(x) are formally-reciprocal functions in the transform with 
the kernel wn,» u (£Y). When g(z)=f(xz), the function becomes self-reciprocal. 


8. We shall now obtain certain solutions of the problem by taking the generalised 
transform with the'kernél a, thy A (OY). 


Let (s) be the Mellin transform of f(z). We have the theorem, 
' Lot z-i f(z) belong to L(0, co) and let f(x) be'continuous at x. 


If | 
dei = f ai fa) dz, (s=k+it) 


0 


1 E d 
then fe) = — | (s) &-? da. 
Ant bug 


Let rík +iu) belong to L(—ce, oo) and let it be continuous in the neighbourhood 
of the pointu=t, | 


1 kd ia 
Let f(x) =a i 7 (8) z-s de 
Zei h—ia@ 
then r (k +it) = d fa) art! 
0 
: S 
Let f(x) = J TSh Hatha (zy) f(y) dy. 


0 
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Hence (8) -f di" zl 7D n,, Hata (ay) f( y, dy 


= J 1 du f == wmm m (e0) de 


which after considerable reductions becomes 


= 98s- 4s Din, +48 +H E'(1n, +48 2)... Clans +48 +t) r (1— 8) 
Ian, — 43+ 2) I(4n,—4s +3) DiAne —38 + 2) 


Let eil = 2t T' (3n, +48 + 2) T(n tgs 1) T (an. + 16 + E) dee) 
then V(s) = J(1— s). 
We thus obtain a general solution, viz. 
oke 
fz) = = gins Tn, +48 +2) Din, + AL. Dn, +48 + Hdial 2-*ds (1) 


where (8) satisfies the above relation and c is any value of k in the strip a < k < 1-a. 


Theorem 1. This theorem is analogons to the theorem proved by us in the previous 
paper, [Bhatnagar, 1954 (1 | 


We shall say that f(x) belongs to Alw, a) where O<w<in,a<4, if it is analytic 
and regular in the region defined by r œ> 0, |6/<w and if itis O []z]-97*] for small z, 
and O[[|z|4-'*] for large z, for every positive s and uniformly in the angle 
| 6l< Q — yw. 


The necessary and sufficient condition that f(x) of A(w, a) shall be its own Ryn, a 
transform is that it should be of the form (1), where (s) is regular and satisfies the 
relation (8) = V(1— s) in the strip a <k <1 — a and is of the order O [e'tre-etw)lé/], 
| 0| wm hw, 


The proof is on the same lines as that in Titchmarsh, (1948). 
4. The expression of oss, wël in the form of hypergeometric functions. 


By the Mellin's Inversion formula, we have (Titchmarsh, 1948) 


i Tan. n, Ji = — R(a) -sda 
30 
— one tn 1 (8n, + 48 + 2) Dän, +48 + 2D) lan + $8 + 1) 
Rig) = Qu emda M31 7 37 7 47:33 9 0 Br on dot 
Bere a Tn, —he+ 2) n, — fe * 31... Dän, — 36 * 1) 
LU PTP gn Diät hat, Tnn riet. 
IJ ` zuch ende 
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Hence, by the theory of Re.idues, 





= ee gd Dna in) Lana- An), Dänen. | 
TN EN Oste, T'(n,-- 1) D'i4n, +3n,+1). Dan, tina +) 
xF eee 4n, +4n, +1, ...4n, + 3n, 4*1 ]: | 
isi gn, —4n,0T 1, 4n, —4n, 0 1,...3n, 3n, 1; (  1)"2?2?? 
+ + + 
+ 2.20. 
gti Län, —41n,)L'(13n; — Anel... L'(4n4., — 474) X 
20-12t*". Ding - 1) (n4 7 n, 1).. In, tng 4 1 
x.F na Hl, gnp tra, +1... dn 0 n4 11 | 
Neng An, +1, dna Ae tl, Anas dni 1; (7 1) "272" 
In particular, 
wtp = | £03 MA ae) ve), 
DE | 27 Di Tee her) ur HL 


| [eth beret dutdat+l 
" Län 4v-1,3k—3A 1; 27/64 | 


et IGA-P)Ta-i) 
22+% D'(v - 1) '(áv 4- 3i 1) F'(3v - 84 9 1) 


v+l,4v+4ua+1,4v+4A +1 
diis 4v—-4u+1,4v-4A +1; —2?/04 


ot Tui) Tdv- 
22*9X ['(A - 1j I(un - $A - 1) (8A o tv +1) 


2 PA AA +4u+1, AA +4e +1 
o SLZA- ga LL Av 41; — 27/64 | 


T E att I‘ v ) 
(i) ell zs en i1 eae es EE E el 
+ ICH) friert). Fa uL d E ere] 


a — ám M M ———nÀ = 


path 


(iii) xi J (<) = TG +1) of: [p *1; i27] 


5, Theorem 2. Let 


irren F(t) di 
dn) = f a (SC kat ` 
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also let f(t) be continuous, bounded and absolutely integrable in (0, co), Further let 
1 

| fly)/y dy exist and 

0 


UO TEE AT ir 
k(px) = (prytt | KE = (px) tt | exp( — pz tan 8), sin? t? 6d6 
i 0 


also x, Il = fie K(pz) dz (2) 
0 


Then if j(t)is B, 44, x(t) is also Ru When v=-} the function K(pz) becomes 
' a particular case of Gilbert’s function (Erdelyi, 1937), 


We have seen (Bhatnagar, 1954 (3)) that if f(t) is R,+1, then p,+4Y{p) is R,. 
Let vil = p | e- Pet ytt) at. 
0 


By a theorem due to Mitra and Bose, (1958), since tt4)(t) is RH, A,(p) is E, 
provided x,(p)/p*** is continuous in (0, oo). 


S t get]? f(x) dz 
X rt -pt nat f Rt Lt aha 
Now 1 (p) = p J e? J EA 


a t 
g^? {t di 
= Sri) J zt f(x) dx | (at fpr 


= [ Ripa) f(x) dz, which is our relation (2). 
0 


Hence if f(t) is Ry45, viii is also. R,4; provided y,(p)/pr** is continuous in (0, oo) 
and x,íp) is defined as above. 


lf, y,(t) = f X,(t) K(tz) dt 


0 
then y(t) is also R,+ı provided X,(t)/t^** is continuous in (0, oo) and so on. ‚The 
converse also holds good. 

We shall next show that X(t) defined as above is Fy41,,41 i.e self-reeiprocal in 
wa, transform, 


We have 


f K (pz) «41,43, (ry) de 
0 


ko an 

i? di 

~ J TFP PPR J (pz)'** e7?'* eii uei fey) de 
0 
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ae ee cae (f un g- Piz de [ 7 aT) J u \ 
, ep ty ROA 


s PET + 8/2) jti ° istidi j= (T) TH AT 
ae De at y : (Eta) Te : (p? t* T? + 3)»t8/2 


LHT (v+ 8/2) 


li dt 


(gab vk? 
ee Ee mechten 


0 


on changing the order of REES and writing o for t, 


BEA gen (S y" wg Zeit) dt J,+1(T) Trt2dT 
(ty tas (PR 
=( y ET [| See -tip 12v«1 dt 
An [uc 


1 (2 E © 4+1 e-stip qt 
p\p ESO 


Hence f K(z) w,+1,,41 (£) dz = K(y), i.e.. K's) is Roy 
-Q : 


a 


Therefore — x,(p) = [ K'pa) dz J f(y) eicht (£Y) dy; if f(z) is Foi, ua 
Q 0 


! 


f fv dy f re m +1, y+! (zy) dz 
0 0 

IKOLL 

dd 


This also follows by a theorem proved before [Bhatnagar 1954, (1)]. 
changes in the orders of integrations are justifiable. 


I 


Again, let f(t) be R,+1, „+1, ,+1. We have just now seen that 


— Let? 
f x= Wy +1, +1 (LY) i p dÉi 


7—1906P—1. 


The various 
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o 
Ale: — xp) = f Kipz) f(x) dz i 
0 


». 


| K(pz) ei fj) ai vii ti (zy) dy 


fiw off J aa ft (7 f Ripa) S. (2 1) da } 
- fiw dy f 7 ox(2) 

P o 0 perm 

f^ KE s) 

i is (2) onte (D 


whieh shows that : sl 


I 


I 


) 1g R,+1, provided the integral for the self-reciprocal property 


exists and the changes in the orders of integrations are permissible. 
Example. Let f(x) be et" zx 45 which is Ry, 
* e Y Zeck adr 


x(p) =p i e- et e+ at f (EES 
"o '0 2H 


Putting 4z* = z and then 2 = $t*y, we get after a little simplification, 


— d e" pl y2v+2 dt A e~ tty yrtl yrdy rt 


(1 + (1+ yt? 


erPt perl di DI'(v-F 2) 
VIE DER u Sat Hf2 AT iP 5 ` t 
But f (1 + tyra deg pt Ü D ((2p) ). 


a 


Hence X(p) = A p f e Pp ei" D y s (0) dt, where A is a constant independent 
0 
of p. 


It can directly be verified that p*-:X/p) is RA 


a, Corollary. Let. 


en 
sp) = f Ripe) orem), (> — A 
0 E 


a oo 
af Kipr) dz E sat) de 
i "o 
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Ann EP yt fr SI 
E E = ^e 0] Ko Sowa Fr 
RI 5 p 
ZO S s 
pt 
Therefore SCENE 8,44 0) K e 
p\p] J DEA : 


Since t J alt) 15 E, zie; and K(t) is also Eoi; (=) i8 But hay ytd, vt 
J 
provided the integral for the ‚self-recipröcal property exists [ Bhatnsgar, 1958 (2) ]. 


6. We shall now simply state a faced on a function of two variables being 
self-reciprocal in the w, ‚ transform, We do riot;give the Prof here as it is long and 
is almost on the same lines as for & füretión of single variable given in one of the 


earlier papers | Bhatnagar, 1954 (1)]. : 
Theorem 3. The necessary and sufficient conditions that f(t,, t,)* shall be 
self.reciprocal in way transform 1 is that 
$1 (; d = opt? p ™+? e (p, Po). 
Pi Pa 


Ca, f(t,, t4) 18 Passen, Reba n), (ne; ma tite tm) 


9 > o . 
=f | (Pat) (PaP h tt K (yt) Am, (Paty) f(t, t,) dt dt, 
rg 

0 0 


where 91D, ta) = 


An example on Two Variables. Let 








ua, Armen 
t 1 ny =n, = 1, 
"E ua (Lita)! 
then e (Pi Pa) = = J f (£, ta? Kip, ti) Kolpa t n ; dt, dts. 
0 0 l 2 


dh — Pa’) los Pi 6 4 


remm 


g — + 
MEM Py US RAP) 





Therefore  s,í/p, p, =- 


Te id (p,* —Óp,* p tp. 
2: Py PaP tp. 





e 1 
8o that it? Pa) = (p, Pa) d 2 p m J 
Pı Pa 


t f(t, tg) is continuous, bounded and ubsolutely integrable ia (0, ©) The conditions are only sufficient 


but not necessary. 
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Hence /(1,, t,) is self-reciprocal in the w,,, transform as can be verified directly also. 
We might note here that by suitable choice of s,, 84, m,, m, and n,, n, we fall back 
upon some of the results of Erdelyi (1987). 


I am thankful to Dr. 8. C. Mitra for his help and guidance in the preparation 
of this paper. 


DEPARTWENT OF MATHEMATICS 
' AND ATATIBTIOS 
LUCKNOW UNIVERSITY, LUCENOW. 
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ON THE SUMMABILITY | C, 1 | OF FOURIER SERIES. 
By 


R. Mowaniy, Cuttack, Orissa. 


( Received — September 23, 1953.) 


1. We suppose that f(t) ia integrable L in the interval (—7, 7), and. periodic with 
period Ze, and we. write 


ọ(t)= d'Ge ht che Dj. (1) 


We suppose as we may that the Fourier series of 9(t)is X44 cos nt, where A,=0, 
so that Fourier series of f(t) at the point t=z is An where A,=a, cos nz + b, sin nz. 


It is known (Bosanquet and Kestélman, 1989) that the summability | C, 1] of the 
Fourier series of f(t) at a point t=x is not a local property but depends on the behaviour of 
f(t) in the whole interval (—x, al, The object of this note is to show that, ‘if 


Z| Anj n! log n < oco, (2) 


then the summability | C, 1] of the Foübi6r^ series depends only on the properties of f(t) 
near the point t=r. 


We denote the n-th Cesàro means of order 1 of the sequences 8,2 4, -- A, 4... Ae 
and t,=nA, by c, and v, respectively. The series A, is said to be summable | C, 1], if 
the series X | c, —04., | is convergent. 


From the identity 
lou le 74 
it follows that the summability | C, 1] of 34, is equivalent to the convergence of In! | r, |. 


2. Now 
T4 = (A, +24, Tee +nA,)/n 


zi e(t) )5 m cos mí dt 


m=] 
= 4 f e(t) sinmt)dt 
nn 0 di mesa] 


==. f SÉIL cosec? At cos At cos (n + 4)t— 1 cosec?4t + (n +4) Er hat 


= T e(t)g (n, t) dt, Bay. 
0 
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Write 
ee e(0g/n, f; dtt o di SCH cos Vita JE cas $t casec*4t dt 
A 1414 42 A [t,t ds d rf . 


Fe — à (gy Si (n t E ge 


dan 2 sin $t 


= f e(t)g(n, (WI + on Bun + ya, say, where O<n<r. 
0 
"Tb is seen atonce that each of H and 8, is O(n^!) and hence it follows that Sëch 
of the series 


* 


: Zn] an| and n^! [ 8,1 
is corivergent, | 


t 


Substituting thé Fourier series of p(£) in the integral for yn and E d as in the 
proof of the Hardy „Littlewood test for the convergence of the Fourier series (Zygmund, 
1935), it can he shown by using (2) that: e PIECE Ya 
g |A| 


n^! A X ] 
| T < Xa a 








i oe ge ee = w 
a (kon —4f TES 
n H <AX | Ak |k log k < eo. ' S 
i Thus it followa that the series Sn”? |7,,| will be convergent, if e 
2 
Xn^! d o(t)g(n, t) dt | «eo, 
0 


and this shows that the summability | C, 1 of 3A, depends only on the properties of 
f(t) near the point t=r. An interesting particular case is^ 


It As O((logn)7?-1], 87-0, (8) 
then the summalility C,1 of the Fourier series ıs a local property. 


Remark, Iff(t) is L in ( —s, m), then A, tends to zero, On the other hand, A, does 
not tend to zero in any definite order whatever the behaviour of the function near the 
point. This is the only reason for which the summability | C, 1| is a non-local property. 
In fact, when an order condition of the type given in (8) above is satified, the summability 
| C, 1] becomes a local property. 


RAVENSHAW COLLEGE, 
COTTACh, 
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HYPER-DARBOUX LINES ON A SURFACE IN THREE 
DIMENSIONAL EUCLIDEAN SPACE 


By 


Miteva Prvanovitcu, Belgrade, Yugoslavia 


(Communicated by the Secretary— Received August 25, 1953) 
7 
A union curve of a congruence G is such a curve of a surface which has the property 


that its osculating plane’ at.gll points.contains the tangent.to the curve of the:congruence . 
G through that point. These curves were studied by Springer (1945) and Mishra 
(1950 A, B). Mishra (1950 C) further defined and studied. hyper-asymptotic curves, i e. 
the curves of a surface whose rectifying plane ab all points contains a tangent to the curve 
of the congruence G through that point. 


Im this paper we observe the curves which have the, property that the ‘plane deter- 
mined by the tangent of a curve and the vootor Rn! + R, ES b* at all poraa contains the 
tangent to the cuive of the congruence G GES that point, n' and b* be’ ae the compo- 
nents of a unit vector of the' principal normal and bincrmal, E, and œR, the radii of first 
and second curvatures of the curve in that point. : 


‘4. Let the coordinates of the point P of the surface g'i in three dimensional Euclidean 
space be given by z*—z'(u', u); (1—1, 2, 8). Then we have for the first fundamental form 
| _ eet ae! | 

Tac äu | d 


D re 
"U t 


Let further there be given in the space the conguence of the curves and let Ai be the 
contravariant components of the unit tangent vector to the curve of the congruence 
through z*, This vector can be decomposed into a component tangential and a component 
normal to the surface S, 7.6 we can. write 


ont 


t= p — 4+ LX’ 
A e Que + d (2) 


i , 
where = are the components of a vector on the surface, X*the components of the unit 


normal vector to the surface and l° and L the parameters su^h that 
‚cd = INX’ = L. 


sin? 0 = g,g ll? 
provided that 6 ia the angle between A‘ and Er. 


x In what follows Latin indices take the values 1. 2, 8 and Greek indices the values 1, 2. 
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2. The first two Frenet’s formulas, for a curve C in the space, have the form 


SEA 
ds\ ds : 


dat dai 
— > — Ky — T Ka b*, 
da 8 


where ge are the components of unit tangent vector to C, n* and bi the components 
of unit vectors cf the principal normal and binormal, k, and «x, the first and the second 


i Ly 
, eurvatures of C Substituting n? by = “ in the second equation, we get 
Ky 





‘Since the unit vectors = , "' and br are mutually orthogonal to one another, it is 


ve d'r’ E: dÉ dx dR, dk dR d 
— Rin = n b E R, = —ı —=_ = i 
~~ dei ( m da i 3 de "uet ! de ra ds ds ahi) 0o (3) 


where E, = 1 Gi x, and E, = 1/x, are the radii of the first and the second curvature of C. 


3. Now, let us define hyper-Darboux lines (hyper-D lines). These are the curves 
ona surface which have the property that the plane determined by the tangent of the 





curve and the vector ' at every point of the curve contains the tangent 


to the curve of the congruence through that point. Accordingly, the vector with 
components A‘, for the hyper-D line can be expressed as a linear combination of 








dei op dP, 
dy and Ryn SC bi, i.e. 
de p(R, n'+R, eu bi) + q = mn 
ds Ou? ds 
9 uve E ig R Ziel. a 97 dua 
= Sue NE ee E S 


l dg i A 
If we multiply (4) by E and sum with respect to i, by virtue of (3), we obtain 








Ort dzi — 032 Oa! d'aí duß 
[a — +U3x'-= = er 
Qu* ds’ A "dg 7 Cue ds? dg’ 
which we ean write in the form 
Oat Sall du: — d = y; d'et 
“Bue dei dp Jr URP ze: (5) 
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Multiplying (4) by = and summing with respect to i, after substituting the 


de 


dummy indices, we get 





p5 Dei dëi _ 23 dat dai dus 





= uË de ~ dus ds ds ’ 
py or oe de ag Ee Gat dus dur 
> duf Qur ds - Que Quy ds’ ds 


or, in consequence of (1), 


dus dur 
since er Fe Fe le 


Substituting q from (6) in (5), we have 


, dat 


Ga all B dur Ca 
ds. 


+ Qu: dei I By ds Hl Bem 


which is the differential equation of hyper-D lines of surface 8. 


(6) 


(7) 


In the special case, when the congruence is normal to surface S, le = 0, equation 


(7) reduces to 


Ke x = 


this being the differentiation of D-line of the surface S [Semin 1952, eq. (2—1)]. 


i 3 1 . D 
If the vectors = ange are orthogonal, t.e., if 
Qus dg? 
Oz! dg! 0 
a di 


equation (7) denotes that, in this case, too, hyper-D curve reduces to D-line. 


Conversely, if hyper-D lines are D-lines of the surface, i.e. if Kat 


= 0, or the vector (os, = = —i* is 8 zero vector. 


act d*zf 


either A Ou Age 








i í 
4. The quantities P. Ce and A A EE may by expressed in function of the- 


Gus dei 


coefficients of the two fundamental forms of the surface 8 and their partial derivatives. 


8—1906DP'—1 
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indeed, from 


de _ Ge dus | 
ds Qu^ ds Cab 
it follows that 
Or Qui dw dur dw (y Se Gr dul | Gof Bw 6) 
ds? Ouuu: ds ds de Qu 88 da? ds Que de’ 


and consequently, we must have 


(8) 





A AT, dus B Y Ent 2 ‚na. M i 3 Dap 
Ari: 2x G'a du du® du* a : LH g yi OF ou 
QueCuBCuv ds ds ds Que Guf de our ds 


If n,g are the coefficients of the second fundamental form, it 18 [Fisenhart, 1947, 





p. 215, eq. (38°18) | 1 f 
Oe 
[48 = >* 
- OU us . un 
and equation (9) reduces to 
| !'r : gr dur duß dur d'u* duf 
Xu = IN — ee ME QM PALM es 
2 de’ Sur@dußounr ds ds de ode Js? de’ an 


ur 


"because KAN = 0 [Eisenhart, 1947, p. 218, eq. (38:8)]. 


If we differentiate (10) with respect to uY, we get 








Cda _ NOX’ On Or (12) 
i Sur L Gur Gus Guf ~ Gu Du f Sur i D 
Since [Eisenhart 1947, p. 217, eq. (38°19)] 
= x =? ad 
el d 
it follows form (12) 
or Gd Cat gr 
E Nt _ OT == © Haß + d org Ow 5 
2 cueQußcur cur v? Sur Qus Qu8" 
n»n , However, [Tisenhart 1947, p. 216, eq. (88°17) | j 
Om gr 
P n 18 
Dent sur Lei ind (18) 


where [x 8, r] are the Christoffel symbols of the first kind in respect to the fundamental 


, ‚tensor gag. Thence we can write ; 


e 


Xi pee O2! _ 6a T 7 D 
As QueQuP8 Guy Od B 
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where d ` 8 ! are the Christoffel sy mbols of the second kind in respect to the fundamental 
2 


a 


i E ` 
i H 


tensor Jap: : : | / ; S 


u Sul Zw 


«x ed T Y\ dur du? dur d?ux duf 
yo -( ed | WË +3d xi 
2, dai c Es xB ds de as "e dei ds ` 


t 


: T Oa | 
Substituting 25 zsa from (i4) in (11), we get 
i u 





Got d?a’ 


au ars e have, in consequence of (2) 


For the quantities 


De 


Ca! dar s pl Sa! GA dur duf js ey e Q'a* d'uv duf 
Gaz ds’ Gus QurGu&Qu* ds ds Bur durdu! de, ds 


QN Ob So Pee 
| ‚Sur Ow dei 


m 


or, in.consequence of (13) and (1) : 





Cat dr _ > = __ SV _ dur dub dur, £8[o cs ur = d^z* 
Bue dé ^ Bue dusdufour de ds ds ^ P Gr da Is 


On the other hand [Eisenhart 1947, p. 216, eq. (38:18), 


AE = d,gX' = 


le. 


Ou. uff pee +d,sX°. 
eu ur ia 
Ou Cu oeh! © 


If these equations be differentiated with respect to w, we obtain 
a'r’ a fr Fq* T ort Cd e ONE 
Pr ME =. + + Al da Sen 
Cur ufu Gu” tog? Cur og JZ2uwQur Sur Ê Sur’ 


den Y SS de = OL Vee Bn LISS 
ar KR = 3 Sur lop Je Ou" Gue oh Je Qu^ Our Sur 
t 








Qu’ Gu OU? ou? 








m Mt "'* 741 
ri 


Our GUY Our Cur 


js eb Gad alie 
1.6. KE Sue =; Gray c8 + c8 éi a] del. 


- —— 





mn 








- - 


* The indices after comma indicate covariant differentiation, 
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Substituting these axpressions in (15), we get 


ee S [tet S dur duP dur | : 
; Que ds? Kë (v. Aur cQ + c [7 Y: a] det. E Ek ps ole B, 2 | x 


d’ur duf d^ 
dei ds "dy 


INSTITUTB OF MATHEMATIOCB, 
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CALCUTTA MATHEMATICAL SOCIETY 


Report of the Council for the year 1954 to the Annual 
General Meeting of the Society 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 
followmg report on the general concerns of the Society for the year 1954 as required by 


the provisions of Rule 25. 


The Council: The Council of the Society for the year 1954 consisting of the officers 
and other members elected at the last Annual General Meeting and co-opted thereafter, 


together with the Editorial Secretary, was constituted as follows: 
President 
Dr. S. K. Banerjee, 
Vice-Presidents 


Prof. N, R. Sen, Mr. 8. Gupta, 
Prof. V. V. Narlikar, Dr. B. B. Sen, 
Prof. B. R. Seth, 


Treasurer 


Mr. 8. C. Ghosh, 


Secretary 


Mr. U. R. Burman, 


Editorial Secretary 
Mr. P. K. Ghosh, 


Other Members of the Council 
Dr B. N. Prasad, 


Prof Ram Beban, 
Mr. B. C Chatterjee, 


Dr S Ghosh, 

Dr. M Ray, Dr. S. C. Mitra, 

Dr S K. Chakrabarty, Dr. H M Sengupta. 
Dr. A. C. Choudhur , Dr. M. Dutta, 


Mr. N N. Ghosh, Dr. R. N. Sen, 


Representative of the Government of India 
Dr. S $. Bhatnagar, 
General: The various activities of the Society have been carried on throughout the 


year in much the same form as in the past few years. The Council has the pleasure to 
report that on au invilation from the Society, Prof. J. B. 8. Haldane, F.R.S, sometimes 
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Visiting Professor at the Indian Statistical Institute, delivered a lecture on ‘‘Some 
Mathematical Problems im Biology” at a meeting of the Society in September, 1954. 
The Council conveys its grateful thanks to this distinguished scientist for his very 
interesting lecture. 


Membership: The Council regrets to report the loss of one of the Society’s very 
old Life members in the death cf Prof C. E. Cullis, formerly Hardinge Professor of 
Higher Mathematics in the University cf Caleutta. The late Professor Cullis maintained 
a deep interest in the affairs of the Society uplo the last stage of his life, and made a 
magnificent gift to the Society in bis will, to which a reference will be made later in 
the course of this report. The Council also mourns the sudden death of Dr. B. B. 
Bhatnagar“, F.R.8., Secretary to the Ministry of Natural Resources and- Scientific 
Research Govt. of India, and a representative cf the Government of India in the Counci; 
of the Society during the last four years. The death of Dr. Bhatnagar removes an, 
outstanding figure from India’s scientific talents, and is a great blow to the continued 
development of Natural Resources and Scientific Research in India. 


The Council desires to report that 10 new names have been added to the Society's 
list of ordinary members during the year under review. 


Meetings during 1984: The Council held 6 meetings during the year and there 
were 8 ordinary general meetings devoted to the reading of original papers communicated 
to the Society for publication in its Bulletin. 


Publications: During the year under review the Society has published four 
numbers of the Bulletin, namely Vol. 45, Ncs. 8,4 and Vcl. 46 Nos. 1,2. The Council 
takes the opportunily to record here the Society’s indebtedness to the authorities of 
the Calcutta University for printing the Bulletin free of charge and to the Officers and 
members of the staff of the University Press for their valued services. 


Exchange of Publications: The transmission of the Society's publications to various 
countries in the world has been carried on regularly during the year and some new 
exchange relations have also been established. 


Library: It is gratifying to note that there has been no break during the year 
under review in the run of pericdicals which the Society’ has been subscribing for the 
last few years, out of giants received from the Central and State Governments. 
These grants have also enabled the Society to add to its library a collection of 
some recent standard books cn various branches of Pure and Applied Mathematics, 


Finance: Pref. C.E. Cullis, a reference to whose death has already been made in 
this report, in his will bequeathed to the Society asum cf £500 without any condition 
other than the expression of a with that the amount be utilised in meeting the Society's 
publication expenses in such a manner as the Society may think fit. The Council 
accordingly resolved to invest the legacy in8 percent G.P. Notes (redeemable in 1986) 





— 


*This mele ncholy event took place on January 1, 1055 and is included in the present report, PA - 
strictly speaking it falls cuteide the year under review, l 
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under the name ''C. E. Cullis Fund" and to spend the annually accıued interest in 
publications of special nature. 


The annual accounts of the Scciety for the year under review have been presented 
tothe Counol in the standardiscd fim by the auditors Dr. N. L Ghosh and 
Mr. M. C. Chaki. The Council gratefully acknowledges its indebtedness to them for 
their honorary services. The Sccsety received. the following grants during the year 
under review. 


(i) Government of West Bengal Sh Rs. 1,000/- 
(ii) National Institute of Sciences of India Rs. 500/- 


and the Council takes this opportunity to offer its grateful thanks to the Government of 
West Bengal and the National Institute of Sciences for these grants. 
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BOUNDARY LAYER IN A CONVERGING NOZZLE. WITH _ 
A SPHERICAL SURFACE. 


By 
Laksem! SANYAL, Calcutta, 


(Communicated by Dr. S. Ghosh—Received October 5, 1953) 


In a recent paper Taylor (1950) has discussed the problem of a swirling jet of liquid 
which enters tangentially a converging conical chamber and goes out through an outlet 
considerably smaller than the opening through which the liquid enters the chamber. Neg- 
lecting the longitudinal and axial components of the velocity outside the boundary layer in 
comparison with the swirl velocity, he obtains an approximate solution of the boundary 
layer equations by the Pohlhausen (1921) method. He finds that the retarded liquid 
within the boundary layer can not maintain its motion in a circular path but is forced 
towards the vertex of the cone, so that the liquid flows out of the conical chamber 
through the boundary layer. In this paper, the procedure of Taylor is applied to 
the. ‚problem of swirling liquid through a converging chamber whose surface is. spherical. 
A comparison with Taylor’s result shows that when the radii of the inlet and the outlet 
‚and the height ofthe chamber are given the thickness of the boundary layer at the outlet‘ 
in a spherical chamber is slightly greater than that in a conical one. 


‚4. To obtain the boundary layer equations at the inner surface of the sphere we 
use polar coordinates R, 6,0; with the centre of the sphere as pole and the axis of the 
converging spherical chamber as the polar axis. If wu, v, w be the components of velocity 
in the directions R, 0, o; p' the pressure, o the density and v the kinematic cofficient of 
viscosity, the relevant equations of steady motion symmetrical about an axis are (Gold- 
stein, 1950, p. 105) | 


t 
+ 


Ov v Ov uv w? coté 1 OP nv w ) 
_— + —- _+- E ere — EECHER 
ee R aR Ny" m R sin? 6 d) 
au v Ow , wu , vw cob ( j w ) : 
bob AE EOD ees VO a VON I MEN g 
“Se *R ow ROR NV ^  R*sin' 8 (2) 
. 1 2 ( a 9 ) 1 3 3 
LL — — R = ee ee A A 
eis nat 
and the equation continuity is 
| Qu |2u, lov, * = (9) 


ob R RS R 


If 270 be the eirculation in the swirling motion, then 


_ 2 
R sin 9 
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outside the boundary layer and therefore the pressure outside is given Ly 


3 
` == lay + constant 










-— A— oe oe 
ae 
— 
EN 






wm eer m 
e em 
- 


Assuming the thickness of the boundary layer to be small compared with E, we 


in (1) and replace Vv by its largest term 


can neglect the terms uv/ R, v/ R* sin’ 6, EE? 


SC? In (2) we can neglect the term uw/R on the left hand side and replace the right hand 





side by its largest term v2 In the equation of continuity we can neglect the term 


SR P 
'2u|R. Therefore the approximate equations of motion and the approximate equation of 
continuity are 


, 1 1 ? 
Qv  w*cob60 +2 sos 6 Q'v (4) 


uoo qune DORT u 
oh RA R R’sın? 6 aR* 


Qu v _ 
ou ,l8v, v 


2. We neglect lhe variation of R in the boundary layer and put R = a in the 
equations. If 8 be the thickness of the boundary layer, we integrate (4) and (5) with 
respect to R from R = a—8 to R =a. From (4) we get 


yu 0? / 28 f w? eot 6 f cos 8 EA 
ane DE E GEES 
" ap aoe L, a NC UTE “LOR Ire 


af 


mE: 
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Now av 
Su sp ar = wol dg < aR = JD cot dén 
,a-—6 4-8 


since the first term vanishes. Hence 


2 | "Zon, f Uv cot oa Sons | ane [s], (7) 
a =g 








Equation (5) gives 


Ow dk eu f vw cot 6 ES 
dR+ > AR+ een Cy ee cased 
f eR | a G6 Mr "LOB In. 











Now 
[uw an = ww) - Te Sar 
a—a Of FE 7-6 Ok 
mo r w ov + Moots ap 
iu EAR Eë ag a 
LES + [er gen 
asinó "^ * J laQ6 a 
But 
(nes — SEI? J| E ien] dR. 
Therefore 
gw Q T> v | s | 
2a UY mue E 22 + tol JR Ser. colum 
RE asin 6 ‚a 08 a" SCH a 06 a 
Hence 
_ H as v Lu i? ww) f vw cob IR a 8 
asina) ee a og Pt a ET e 


These are the momentum integrals of the boundary layer. 


4 - 


3. Following Taylor, let us assume 





c Ffm) _ a 3 
^ agin 6 = echt SES 
Den) | Q 


Woo 
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where » = (a— R)j8. 


68 » L. SANYAL 
These give v=w=0 when R=a and 


Q Qv ow 
= 0, =, Zz = 0, IL 
S i geng Of oh 


(8; ). zu. dF _F cos dÉ OF (& 20) 
9g0/n sin 0 dé sın’ à | Qg/N90/ 8 


= 0 when EH = a—ò. 


l We have 








asin 0 








ond | 4 aF ) (22) 7 sl 

= Eu —F —-F a rbd 

vr + agn dé Ge e On/ 6 dé 
_ OF fe 

SES a? gin? 8 








vw) ] a. O [( dF op D p 99 (fo) : 7 15] 
900 ln  a*gn?68lVX de u iz On ag 


We substitute these expressions in (7) and (8) and change the variable of integracion 
from dR to —ddn. 


Then since 71 i 1 1 
f nf clay = -4 [fay and J "Dan =- f fo dn 
0 ER 0 E SN 0 
and f vanishes at both limits of integration, the equations become 


al dF? m gp f. ( F )] vE sin 6 € 
Sl 907, E 99 _P eo dë x eius EE 
a 18 T o8 79 cot fi dy +cot gl po" dy 0 Sn) eno (Q) 


éi (dF? Ft d “yt [ É )=- ZS sin 0 mene (2 25 
— —- ——. d d = e ~ 
bas T EE Sn) eo ES 
Introducing the non-dimensional variable 
8, = 8(Q/v)*/a, ^ Q1 


the two equations reduce to 


dF? P dà? fr ( f j 1 F sin 6 (Of\> N 
L kb 1 FF och 6 dn + cot é(1— dy j= — —_ 12 
LS tus? ae" Dee deg d, Ge 


On/g=0 
d uP + + d8,? (= J fdy+ J jd) -Ë 


With our values of f and 9, we get 


E f: TE ER : T 
= tn 2 = IL; = —3 — 
[ ^73 ] Ir "— 75 In 12 J fear Do 
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Using these integrals and putting cos = p, the boundary layer equations can be 
written as 


ds " Ou Ps p 
= 98 c SEE 380 14 
dp 1-4 I» Fé? (14) 











d(Fà,?) p Pé p 
= —49 + 
du 1—,4* F* l— u’ 








bës 285. (15) 


&. These equations are now- solved numerically, using. F? and #6,* as dependent: 
variables. The calculation starts with F? = F8,'- O0 when » = '860(0 = 80°) and» 
proceeds at intervals of ‘002 to u = '902 and then at intervals of “001 to p = '999(8 = 3°) 
"Re, results of the calcultion are given in Table I. 


The angle x which. the direction of flow on the surface of the sphere: makes. with. the -- 
meridian section through the point is given by - 


= $ | Ss y- F 
din E F iF. 


B. For comparison with Taylor's result we take u = '999(0 = 8°) at the outiet and. 
u = '866(9 = 80°) at the inlet. Therefore the radii of ‘the inlet and the outlet are 
R, = a/2 and R, = 2/20 = R,/10 where «a is the radius of the sphere. The value. of ‘6, 


at the outlet is found from the Table to be 8, = 1'049. This gives 


t 
5/R, = 20°98 EN > 20:08(v/ UR,)* 


where P = 4eU? is the pressure, which drives the liquid into the chamber. 


For a conical chamber of the same height and radii ofthe openings F, &, tho semi- 
vertical angle of the cone is 78 ^'5. 


Taylor (1950, p. 189) finds in this case 


i 
8/R, = 20( DOEMER 


t 
z y 
= 20 496 EN ài 
This is slightly less than the corresponding quantity for the spherical chamber, 


If water (v = 0°01) is:forced through the chamber at 10 atmospheres,. U = 45 metres 
per sec and E, = 1 mm., 


0'01 : 
Blies 20798 d 0148x105 j 
= *09890. 


In this case the boundary layer extends inwards to about one-tenth of the radius of 
the outlet. i 


70 L. SANYAL 





TABLE I 
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"e "m + + ii en 


"994 ‘996 E | 099 
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In conclusion I wish to express my thanks to Dr. S, Ghosh for helpful suggestions 
and guidance. 
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NUMERICAL SOLUTIONS TO FIND OUT SPECTRUM FUNCTION 
OF ISOTROPIC TURBULENCE WITH A FOURTH POWER LAW 
FITTING AT SMALL EDDY NUMBERS. 


Bv 
K. M, Girosg, Calcutta. 
(Communicated by Prof. N, R. Sen--Received October 8, 1958) 


1. Introduction. In the curient theory of isotropic turbulence a fairly complete 
representation of the decay phenomena is possible through a turbulence spectrum function 
F(k, t) for which a particular integro-differential equation has been proposed by Heisen- 
berg. lt was shown by Heisenberg that the equation admits a solution of the form, 

fikti) pt à; (1) 
which can represent the similarily properties of the spectrum ‘This solution does not yield 
the asymptotic form F ~C k*(k—-0) due to Lin and Batchelor. It has recently been shown 
that Heisenberg s integro-differential equation, at the stage when the high-frequency 
part of the spectrum plavs an insignificant role, has the more general solution of the form 


F(k,t) ~ Const #8¢77f(kt°) (2) 
where c is an arbitrary constant. c = à gives tho Heisenberg’s spectrum, and c = 3 
gives the above fourth power law, It has been suggested that at the early stage a 


variety of spectra satisfying similarity law may be possible depending on the method of 
production of turbulence. 


As the spectrum function (2) has been obtained in a definite form ıt lends itself to 
numerical calculation Numerical solutions of the form (1) (1.e. of (2) for c = Al has been 
tabulated by Chandrasekhar (195v). It appears advisable to tabulate in the same manner 
the solution (2) for the particular ease c = 2, which gives the fourth power law. Two 
such numerical solutions have been given in this paper. 


2. When the spectrum function 's assumed to bc of the form (2) the function f is 
ziven by the equation 


(2 — 3c) f isis eet = 2 f V ejede x [near (8) 
as was shown by N R Sen (1951) deene the auxiliary eee 
g = a"f(r) and y(x} = | emtiede (4) 
in the manner of Chandrasekhar, we can derive TA (3) the following equation 
cg?*g^ + (4+ g') y+ 2g1(2—cg') -49 = 0 (5) 


where g’ meana dg/dy and c is the parameter introduced by Sen and which may have 
values «3. The differential equation for c = 2, viz., 


12 K. M. GHOSH 


2g?hg" + Ty (4 ^ o) +4g*(7— 9’) - 28g = 0 (8) 
is of non-linear type, The solution should be found subject to the boundary condition, 
. -BB ` í z—>0, y—>0, g—0. 
We assume, from a study of the nature of g—y curves given by Chandrasekhar, 


that such a curve will have a single maximum at a point y = y, (say), should vanish at 
the origin, and should asymptotically approach the y-axis at the final stage. 


It can be shown that the equation (6) has in the neighbourhood of y = 0 a solution 


gei  (y—0). (7) 

further at a maximum of y we should have 
o = 0 (8) 
and l l g-gt—y<0 . . *9) 


: For: numerical- solution we proceed thus. Choose a value-y, of y; on the ordinate 
rat y, apoint is taken fixing g, say g,. From this point (Yo, 9.) a solution is started which 
_ satisfies (8).and (9). It is possible to conclude in most cases after only a few steps that the 
particular curve will not pass through the origin. On account of (9) only a limited section 

of the ordinate near the y-axis 13 concerned here. In this manner, it is possible -to find 
by trial .and error, the right point on the ordinate at y, through which the solution of (6) 
satisfying (8) and (9), will pass through the origin. Equation (7) gives som guidance in 
‘this matter. 
The solution continued on the increasing side of y is found to approach monotoni- 
-cally ‘the: y-axis. In this manner a (g—9) table and the corresponding curve may be 
coristructed. ‘Next we have to solve the equation 
dz[dy = e[g (10) 
under the initial conditions z—»0, y—>0, g—>0. 


‚3. To solve (10), we take from a (g—y) table a few sets of values of y and g in the 
:elogé neighbourhood of y =:0 and fit a curve of the form 
= Ty ay? + ayy? + ayy? (11) 
through these.points; &,, 4, 4, are calculated out. -Accepting g to have. such a. fitting 
in the part of the curve near the origin, we straightway substitute it in (10) and integrate 
so that we get (near y = 0) 


E BR a,? SC 2a,a 
el T il^ SE a |- val a, Ss 2 $l 











m | ra 304, 04 i 
t 4g Lg TOT "az | 
EE a 2.9 u, an gf ay" | 
1715" - Es 7 AQ? 348 
+ ....„...... 2 ' , (12) 


z, being. a scale constant, we put it equal to 1. 
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Now we can evaluate x at a point on the segment of the curve fitted (in the 
proximity of y = 0), say at y = ‘O01, and starting with that value of æ at y = '001, we 
numerically integrate (10). This will give us the required solution and the corresponding 
(x, f(z)) curve. Two such ‘g-y) and the corresponding (x, Til solutions found 


numerically are tabulated below. 


30 
25 


20 


(1) (I) 


05 


O 02 04 OG -08 WO 12 4 Je 18 20 -22 -24 6 


> 
Fic. 1 


The solution curvesin 9-y plane, Curves (I) and (II) represent the following 
tables (I) and (II) respectively. 


an 


a) 


O 2 4 6 -8 10 /2 14 F6 18 20 22 24 


X — 
Tia, 2 
The decay spectra corresponding to curves in g-y plane with the respective 


markings (1) and (II). 
2—-1906P— 2. 
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| i TABLE I 


g maz('15711) at y = yore 


gly) 


'005 
'Q075 
"01 


"00686 


"0.200 


02106 


"02608 


"05676 


040674 : 


'08112 


"10844 


05852 
"04949 
'08021 
-12404 
15518 


"18288 


y 


. TABLE LI. 


gly) 


20767 


"24882 
21915 


"29857 


30646 


"30164 


28219 


"24493 
"18413 
'08695 


"01220 


uns 90640) at y = "1A... 


T 


'8104 





z f(z) 
'8580 "3840 
"9310 3083 

1:0042 2757 
1 0759 2897 
1:1492 "2019 
1:2270 "1688 
1 8187 1245 
1'4168 '0861 
1°5547 "0490 
1°8078 0147 
2:8858 0009 
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THE GENERAL RELATIVITY FIELD OF A RADIATING STAR 
WW By 
P. C. Vaya, Anand, Bombay. 
(Communicated by the Secretary— Recewed October 6, 1258) 


4. Introductlon—A non-static solution of the field equations of general relativity, 
representing tbe gravitational field of a radiating star, has already been obtuined-by us 
(1951). This solution is given ty the line-element, 





2 an & 
dieu. — r!(d8" + sin *6d9*) + = (1- m og (11) 
1-2m/r f E 


m = m(r,t), and m’(L-2m/r) = f(m). 


In the above and in what follows a dash and a dot indicate differentiations with regard 
io rand t respectively. The solution is valid within a range ro srsr, tp StS t, and 
at (r,, t,) as well as at (r,, t,), the line-element (1'1) passes off continuously to Schwarzs- 
child's exterior line-element. While studying the possible ways in which a spherical 
mass of radius 7, may start emitting radiation at time ta, ıt was found that the solution 
(1'1) was not sufficiently general to explain all such possible ways. A more general 
solution was desiderated, In what follows we give such a general solution. The 
notations of the earlier paper (1951) will be assumed throughout. We shall begin by 

discussing the physical situation which necessitated this generalization, E 


2. Beginnings of radiation-emission—A star of mass M and radius r, is supposed 
to start radialing al time t,. As the star continues to radiate, the zone of radiation 
increases in thickness, its outer surface at a later instant t being r = r,. The gravitatio- 
nal field for r, <r <7, is described in the earlier paper with the help of the line-element 
(1:1). Tn the present section we are interested in the situation at the instant ¢,. Since, 
in the outer envelope, the radiation density e is a function of r and t, one has to reckon 
with different possibilities corresponding to the zero or the non-zero values of.e at t = T, 
t=t,. One can imagine, for inslance, gravitational contraction setting 1n in a continuous 
manner. The star contracts, becomes hotter and starts emitting energy. The density o of 
the emitted energy grows continuously at the stellar boundary. We may then expect 
that e will be zero at (Ta, t). As Arr?e is conserved along the world lines of flow of 
radiation, o will keep up the value zero on this first wave front which starts with radius 
Ta ab the instant t. At the later instant?,, this wave front has the radius r, and so 
we expect that for stars which have started emitting radiation in a continuous manner, 
on the boundary (r,, £,) of the radiation zone, we must have 


g = 0. (2'1) 


We-shall call such stars, the normal stars. 


78 E P. C. VAIDYA 


One can also imagine another set of happenings giving rise to e = o, #0 at (fa, to). 
In case of such a sudden outburst of radiation, the value of o at the exterior boundary 
(r,, t,) is 
i Ey re Gulf +0. (2°2) 
We shall call such stars, the nova-Lype stars, 


If we now iry to represent the field of a normal star by our solution given by (1'1) 
we shall find that the condition (2:1) means that at the boundary (7,, Cl, we must have 


e= 0, T," = 0, m/ = 0,  — 0, f(M) = 0 (278) 
so that all the successive derivatives of ın with regard to r and t will have to vanish over 
the boundary (r,, t). This is possible in (1'1) only if m is a constant throughout the field 


ATAT, t Stat. (UU then degenerates in Sehwarzschild's static solution and so 
it cannot describe the gravitational! field of a radiating normal star. 


The boundary conditions for a nova-type star can, however, be satisfied by the 
solution (1'1). It should, therefore, be regarded as describing the gravitational field of 
a nova-bype star only. Since the radiation-envelope of a normal star cannot be described 
by the solution (1'1), one expects that a more general solution exists. Such a general 
solution will now be developed in the next section. 


8. The general solution—We take the line-element 
ds? = — eAdr* —17(d6? + sin? Od?) + evdt?, A = A(r,t), v = v(r, t). (8:1) 
The differential equations satisfied by the functions A and v in order that (8'1) may 


represent the field of a radiating star, have alrendy been derived in the earlier paper 
(1951). They are: 








cA ud d- uo ies 
e (E -3)+ athe Yr» = 0. (372) 
Af N-v 9 2 . 
e - SEN (8:8) 
fee A Vor (a A5 dv 
E Sp EE l 
8 275 " T T 5 + rer 0. (8:4) 
We now try to solve them by putting 
e^ ^ = 1-2m/r, m = m(x), d = x(r, t). (8 9) 
(8.2) now leads to 
or Oc 
-AZ D Sech V ege = C, 
e = ai 
: - daz i 
e 0: 
T | i (3.8) 


We can now express et" ın terms of z: 


i -i 


cz 
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On substibuling the values of A and v from (8.5) and (3.7) we find that the equation 
(3,8) reduces to 


oi x 2m 2m 
x env quest e Ey 
( z ov ( T ) T (%9) 
The first integral of the above equation is l 
z'(1—2m][r) = fie). (8.9) 


As in the earlier paper (1951) 16 can now 0e verified that the equation (3.4) is auto- 
matically satisfied by v:rtue of (3.5), (3.7) and (8.9) Hence the final form of the general 
line-elemenut to describe the gravitational field of a radiating star is 


Yen N—1 „3 
di -(1- 2m ) deër + sm? gie ex(- u jan (3,10) 
: 


with the single relation 
z'(1—2m[r) = f(z) 
to connect the three functions m = m(z), f = f(z) and x = «fr, t). 
The surviving components of the energy-tensor are the same as in the earlier solution 


(1948). 


/ 
m 
-T = Tå = 4— . T!= 


O 4m? Anm 9 Am?” 
We have only to note that now 


ZE dm > 
dx 


dz C 
A. The boundary conditions. We can now make our line-element (8.10) conti- 
nuous with the Sehwarzschild's line-elemout tor a constant mass M 
ds? = - (1 -2M /r)"!dr? — r*(d6? + sin?6d97) + (L-2M [r) dt’, (4,1) 
The boundary radius r = R(t) of the radialion-zone is given by 


R=1-2M/R 
so that if its value is r,, at any time t,, we shall have 
r, +2M log (r-2M)-t, = a constant. (4.2) 


At the boundary (r,, t,) we shall find that z isa constant — X. Then m(X) = M 
and = = — f(X) will make Oe, continuous at (r,, t) If we wish to describe the field of a 
normal star for which o vanisbes over the boundary, then at (r,, t,) we need put 

e=0, te, Tr =0, ie, m' — 0, (Le, dm[da = 0- 

We can choose the function m = m(z) m such a way that dm/dx vanishes when 
z= X. But now z'need not vanish over the boundary (rı, Cl and so the line-element 
(8.10) will not degenerate into Schwarzschild’s static solution, Thus this more general 
solution can be used to describe the field of a normal star, 
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. We may mention here that this genera! solution, however, does not affect the 
situation considered by Raychaudhuri (1953) where he wants o — O0 ata fixed point. 
Our solution can describe the situation where e vanishes over à. boundary expanding or 
contracting with the velocity of light, bul even this general solution will degenerate to 
Schwarzschild’s exterior solution (4.1) when we wish it to give o = 0 continuously at the 
origin r =Q, ] 

Before we close this discussion, a point about the continuity of the derivatives of 
Jav Bb 'r,, 1,) may be noted. We have shown elsewhere (1952) that the continuity of 
these derivatives of g,, need not be always assumed. Whether the derivatives cf 
Guy are continuous at a boundary or not, need not be determined once for all Some 
pbysical situations will demand their continuity over a boundary while there may be 
physical situations for which the derivalves of g,, should not be continuous over a parli- 
cular boundary. Here, the field of a normal star requires that g = Oat (r,, &) which 18 
equivalent to v’ continuous at fr,, £,j. But the field of a nova-type star requires o Æ 0 at 
(7,, £j). which makes v discontinuous at {r,, Li). The solution derived here accommodates 


both these possibilities. 


8. Summary. Astarot mass M and radius rj 15. supposed to start radiating al 
time t. The zone of radiation extends to r = r, at a later instant t = t. Vanishing or 
otherwise of the density of energy o at the surface of the star at the instant t, 18 discussed 
and it is found that the solution of the field equations of relativity already obtained (1951) 
is not sufficiently general to include both the above cases. A more general solution 
embracing both the above cases 1s derived. 
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ON CERTAIN THEOREMS ON OPERATIONAL CALCULUS AND 
SOME PROPERTIES OF. THE GENERALISED k-FUNCTION 
OF BATEMAN. 


By e 
G. K. Sarkar, Krishnagar, West Bengal. 


(Recerved—September 14, 1953 ) 
SECTION A 


1. In this Section I propose to establish certain theorems on operational Calculus 
and show their applications. 





Theorem I. Let f(p)=h(z), miss — = ). Then  o(p)-xh(223); 


provided h(x) is positive, continuous in (0, a) where o 18 arbitrary and h(z)/x? is bounded 
In (0, co) tr r t 


We know that 2rtpe-rt + xt-8/2g-427lt (Mclachlan, 1939). (11) 


a 


Also | fp) = d e7?*h(z) dz 
0 


Therefore i eost) ss &p [ «-erin)ds 


0 


sl 95pe- «P mde 


SE) 


1 
" gu 
0 





E 2g Aert f(a ds, by (171) 


1 m 
= Le r e-lth(2rt)dz | 03) 
0 A sg 


T 


Hence o(p) &h(2r4), 


change in the order of integrations being permissible under the given conditions. 


2. Theorem II. Let F(p) =h(x) and h(2zt) + o(p). 


Then = } | pfi) = of = ). 


Since | } o(z) = sf e *t'h(2tt)dt. 
0 
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therefore i of 3 Wë iz 92e -iCIzh (tdt, 
. | (zz) Va 27t a 


1 


Si 


Let us multiply both sides by omg and intograte between the limits 0 and oo. 


We obtain 


7 


ke up De 
A cl © laa = L | even da | ter Ul h (t)dt 
d (xe) Ont n Ü 
e a 
- E that f te We~p2-tPirdy 
Ze d 0 


a 
=p J e- Ptth (tlt 


0 
= pij (pt). 
Hence | TEEN of d 
(z7)% x i 


again a change in the order of inleerations being permissible. 


f 


\ 
I*(n +4) p 

€ IH H, git) ‚= - ; — 
Exampies. (1) kl) = 384, (x) , (pl) e USQUE TUER (KEE 


pif(p*) = Dmth np. D (er „I (1) 


xt (L+ python (Gaz 


Hence E Be 
Ry theorem T, we get pre Ve = h(214) = str] (2rt),n > — 1. 
(2) Ale) = ar let, f(p)  l'Gnpei*D.,(p, n 0 
i 
ein) = RT (S odis 


at Iin) 


yer—1 
ae i iP] ph — 
(DEN fie +44) n((2p)*) 


By theorem TI, EE 
(Ep zibiati 


, gin-1 
An An Ai un 7 1. 
or 21" I (gn)pe PD _4((2p) ) Ur (1 + g)iO 1) 


(3) Karte”, f(p) 227i" Lin)per'®D..( SCH 
A o 





pgs SE Ee (1) 


EEN 


(2 1) 
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r 30r gu -1 m ~] x d 
Dy theorem I, 2^7! Dan tae ane = (2ri)9 71g -! (2*2) 
(UI f(p)= pret V og, wii), hr) BPO Fl tktm, ġtk-nm:; 
Al +A), 4A4+1, — Aaf), (RO) > —1) 
pf (pt) = peta Der W_, lp) sm Fai tk +m, dtk- m; (A+); =r) 
NEA 3 
= Al 
(ar) x} 
Hence ae oPoatk+m, tkm; 441), 4A 1; -2) 
E? ziT'(A + 1) om + hi — 
"apen HA Filh th tm, dth—-m; hath; 1/p) 
zlGO-c-idi)p-fiF( tktm +h- m, A+); —1/p). (2 8) 
= ‘i rt p* 
(5) hiz) = 1 TIL. fip) = es "(n (n+8/2) (EE 
"A D pol? 
pilo) = Ge a (n +8/2) Ta 
Also (Melachlan and Humbert, 1941) 
-1 
1" 7*o3* Mas ag mla) = Em +1) ie 
Let sed m = dn, 
Then by thecren I, we get 
gGEDJ mäh a ITU ua) M E l ) 
d Jul2ı ) + T x 1) p v lul, ku p (2 4) 
(6) h(r) SS J, (22°) 1,(2r%), f(y) Se di d 
ptt (pt) = p3J,G[ p), E cl 1) = £7 WJ y(n-1),.(824) [Melachlan and Humbert, 1950]. 
Hence TIPES Ate 21, nB PT) HT (2824) (2:5) 


SEOTION B 


8. This section is devoted to certain integrals involving ultraspherical polynomials 
and Bateman’s k-Function. We have also deduced certam expansions involving 
k-Function, which are believed to be new. 
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The function P,’(x) 1s defined by the relation 


_ (-29Pn &AI(n2A),, — d^ . | 
HMM ee an een (3-1) 


It has also been shown by A. Sharma (1951) that 
1 
0 


DAR 24M (rre YD vt r tat) ee <a (3:2) 
29 n IO)JIXv-r-n1)D(vrtne2A-1) „og positive integer. 


We also know that 


(= -1y- -i-1r+1 


Aa I : 
ei E. de) =H eri a 


LP jl-n+1; 21+2; x) 0 


(n Ze L1 and n —l is a positive integer), 


Therefore 


I 
J Pr(1—293)0 — y Ayata etr ka (gay?) dy 
0 


ELEM i (-s+1), 
m en p DA WECKER 
D(2l + 2) H Ae SA aa r! (21+ 2), J 


Nn D 32 (l—s--1) uM An DaN mn AP art WEED A 
T@l+2) < "rio, * AS 2y*)(1 — y? ty y 


en 


_ (rt 1-14 {n + 24) art onen), Nerv (-8+1), D(rtvt2l+2)0(r+v+A+ 20+ §)a7 
2%n! D(A) (27 + 2) (21+2), [(r+v—n4+ 2142) (r+n+2A+v+ +: 2) 














= D 


22? n! DAD (20+ 9)'(v n + 21+2)0 (n+ 2A Zut 2142) 


I-3+1,v+21+2,A+v+21+8/2, 
dl T » 
2l --2, vnt 21-2, n - 2A v 21-2; 
A+v+21+3/2>0 (3 3) 
change in the order of integration and summation being easily justifiable. * 


(1) Let n=l+et+v+l and 2A+2v=1 


since l—8--1 is either zero or a negative integer, we get 
É ot 
IER (84) 
0 





* A similar result has been obtained by Srivastava independently. 
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1 - A 1. "m 
mi f Pues - 2ynyetn ls Bed = 0 | (8-5) 
0 T TUM. + - > - - e 


etsh ! a). + D: — pln-tiipsti. 








Hence ET (— pri ji» Gei e 3 1)rtr (1— -p)r 
r! an r1) r! pim-r Fi 
y0 r=0 
1 gt -tlp 
peti 


P , d m+ 
SEANCE 


Therefore by Lerch's theorem 


_ a WR UT 5 
e rel 3 D y= nn): | t| SL (3°6) 


r=0 


Dividing both sides by. "+! and integrating round a contour C, we get 





= oa 1 Bu | 
et? ( = E eech (sz) = EN r Jon 4.1(2(xt)¥) dt. (3°7) 


Let us put t = 1/p in (8'6) and multiply both sides by e-/Pp-2*-land interpret, 
We get " 
(zy)? +1 


ër 2p im + 2, 2m+2; — xy) 
=> (—1)* opp: (2 Y) 4272" | B 3°8 
= "X y 2m+1+r\öy?)e atur 32). (3°8) 
Test 


Again let us put t = à(1—7p)/p and multiply both sides of (8:6) by p-?*-1, , 
On interpretation the right hand side becomes 


\ (-1)rar n 2m 2n, 
2 Tl | e$ es) ET) kaemer EN) 
r=0 

The left hand side 18 


P mts t : ; 
(2er al Fan dësst) —p) /P] 


a 


Hence m+ 
(2) ga 1—p)Ip(p — p2)- "4 om4.1{2[ax(1 — pi (léi 





— 1 m m 
GE Ga 


r! 
Test 


86 "HE" GE SARKAR 


where l/p +y 
Next multiplying both sides of (8°6) by t"*t and putting t = 1/p?, we get 





— aiz.-m- (Dr eg e 
Jan+1(27*/p) = gizp-m 23 ri p?m+2r+1 Ko (mtr) (de). 
r=0 


On interpretation and writing y* for y, we get 


Ir y" ttr 
7 I'(2m + 2r+ 2) 





dät Bleid Tame 1(2(ey)!) = ehren 25 


x „P,(2m * 2r +2, 2m +2r +8; Ye emie) 


Mitra and Srivastava have shown that 


8 ky, (Saks, ei SE, = 0, (n Æ 8) 


0 





O PAD- o 
E ie (Uu 
Hence 


J oigo DJ, 4 1(2 eu Elend ent de 
0 
- (— 1)^22^1I'(2m + 2)}2 
I'(2m-r--2)U(2m 2r 4 o? 


(8°10) 


(3°11) 


yrtitr F,(2m+2r+2, 2m+2r+8; y): (812) 


In conclusion I wish to express my indebtedness to Dr. S. C. Mitra for bie help and 


guidance in the preparation of this paper, 


ERISHNAGAR COLLEGE, 
ERISHNAGAR, 
WEST BENGAL, 
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SINGULARLY LOADED RECTILINEAR PLATES—BENDING BY 
ISOLATED COUPLES 


By 


B. D. AcaanwaALa, Kharagpur, 
(Communicated by Prop. B. R. Seth —Received. September 1; 1953) 


Abstract. This is a continuation of our study of the problem of bending of a rectilinear plate under 
concentrated loads. In this paper we consider the case ol an isolated couple applıed at a point on the axis 
of symmetry of the plate ‘The resulta for the deflection: and the shearing forces are obtained’in terms- of 
elliptic functions and their numerical values tabulated 1n & number of cases. 


4. Introduction 


1.1. Ina previous paper we have studied the problem of a simply supported 
rectilinear plate subjected to concentrated loads (Aggarwala). It was shown there, how, 
with the help of the vortex analogy, the use of nonconvergent or slowly convergent series 
could be eliminated and the results obtained in terms of elliptic functions. 


In this paper we propose to show that the case of an isolated couple applied at any 
point inside the plate can be tackled on similar lines. The particular cases when the couple 
is applied at an angular point or at a point on an axis of symmetry, if any,, have been 
worked out in detail. The expressions for deflection and shearing forces are obtained in. 
terms of elliptic functions and their numerical values tabulated. 


We know that the differential equation satisfied by the deflection w is 
Vi w=0 e (11) 
except at the point of application of the couple, where V,?=0"/Ax? +97/dy?. | 
The boundary conditions for a simply supported edge are 
t0 —0; V,2w=0. (1.2) 


For a concentrated couple, (1.1) may be written as 








TN t0 —-10 —19 10 
vi Lr - 42-2 | (1.3) 
j So =C Lo Zeg E 


where $e) (1.4) 
is the transformation that transforms the interior of the plate -in z-plane into the upper 
half of the ¢-plane. 


Geil), Z, being the point of application of the couple. 
=the angle that the axis of the couple in (-plane makes with 
£-axis, (C=£+in), 
P=the intensity of the couple in the ¢-planc, 
D —the flexural rigidity of the plate, 
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In the particular case when t, 18 purely imaginary, and d= — $z, (L:3) reduces to ` 





ee lata "3 | 1.5 
and when £o 70, (1.5) becomes 
2 iP [ 1 1 | 
vie ae DLE rl x 


We propose to consider these results for the following boundaries : — 
(1) Square. (2) Equilateral! triangle. (8) Right-angled isosceles triangle. (4) Tsosceles tri- 
angle containing an angle of 120°. (5) Right-angled triangle containing an angle of 30°, 


In (1.6), it is seen that in order that the couplein the ¢-plane may be finite, the 
couple in the 2-plane must be very large. For small or moderately large values of couple 
in the 2-plane the couple in the ¢-plane and the deformations in the plate are found to be 
very small (see also Appendix II). The solutions for the couple at an angular point do not 
therefore, seem to be very useful for practical purposes. But, for our present purposes, 
they are useful in as much as they help us in finding out the function necessary to fit 
the boundary conditions in the general case of a couple at a point on the axis of symmetry 
ifany. The case of a couple at an angular point has, accordingly, been dealt with first 
in each case, and then the general case has been tackled. In the last two cases namely, 
the isosceles triangle containing an angle of 120° and the right-angled triangle with an 
angle of 30°, only the case of a couple at an angular point has been dealt with. It may 
be remarked that the case of the isosceles triangle containing an angle of 120? with a 
couple a point on its axis of symmetry can be deduced from that of an equilateral tri- 
angle by the method of images. 


2. Square 
2,1. Couple at an angular point, In this case we write (1.4) as (Aggarwala) 
—] 
4 = g =4, set, 
p(s) 2 gs 
x 
d A Y 
c 
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The angular points O, A, B, C in the »-figure are taken to be 0, w,, — ws, w respec- 
tively, where w, and w, denote the real and imaginary half periods of the Weierstrassian 
elliptic function p(z) ; as zs —tw, and o, +w3+w;=O0 (see fig. 1) 








(1 6) now becomes vu [ps — pz] (2.1.2) 
giving se E = ala — ziz +9, (2.1.8) 


where ¢ is harmonic. 


It is found that the boundary conditions (1.2) are satisfied if we take 


p= Macey — 682) i Leg ant Jr (ps— pz) (2.1.4) 
2n, 2u, 2n, 


so that (2 1 8) becomes 


e? Briw D 
D 





=es—ete— DL (Uz—iüz)3 2) (pa—ps)- U (27-27). (2.1.5) 
21 2n 2o, 


l'or points on OB, (2.1,5) takes the form 


Bop D 


3 
5 n4, 0-316, —4, 0) - pr, —4, 0] - BF (2.1.6) 
H 


weg 
=10ra, say, 
r denoting the distance from the crigin. 


Using the values of p(r, — 4, 0), Sfr, —4, 0) given in 


TABLE 1l 
T w, 2/4 wy 2/3 w, 2/2 20,7 2/8 3», 2/4 
p(r) 4611582 2-549461 1 808820 .216145 
Gr} 2-164041 1-683780 1-130713 -926895 -880541 
we get the values of o given in 
TABLE 2 
* v, 2/4 o, A 2/8 w, 2/2 2o, V 2/8 Bwy 2/4 
a -034845 ‘03811895 ‘021769 011416 0068248 
Shear Forces. From à _ıP ` 
Vuen — pa) (2.1.9 bis) 
iP e y dëi — P Ta m 
we get Qe = -Dy w= (pa p); Wy = Petr). (2.1.7) 
For points on OA this gives 
Q,—0; Qy= E pir FE, say. (2.1.8) 
7T 7T 


4—1906 P —2. 
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the values of o fcr a few values of x are given in 


TABLE 8 


z v, [4 Be DG du, (8 Bu,/ 4 
e 28:3850 11.8989 9:41421 1780191 -818661 


For points on the diagonal through the origin, we have, 











Qa EN ect, — 4,0); QEN Ze, -4, 0) 2.1.0) 
Dr ar 
— Qu Q, cos 45° — Qy sın 45°= ZE p'(r,—4, 0) (2.1.10) 
T 
2Pa 
— DH RAY, 
T 


Q, denoting the shear per unit area across a plane perpendicular to the diameter. The 
shear in the direction perpendicular to r (which we shall henceforth denote by Q,) is found 
to be zero. ‘The values of « for a few values of r are given in 


TABLE 4 
T wy 2/4 o, A 2/8 o, AN 2/2 20, y 2/8 Bw, y 274 
a 10:1883 4°35628 1'414214 '678919 "476489 


2.2. Couple at a point on the diagonal through the origin. In this case we write 
(1.4) as 
C=pl#); ga=4, H=0. (2.2.1) 
We take the point of application of the couple on OB, ata distance r, from the 
origin O. 
The equation (1.5) in this case becomes 
a EE 1 o 1 1 | 


(2.2.2) 











PE—D%  pa—ps,  pa—-ps, Dë- Dë 
where . Baue, 0 wis, 
Integrating this equation we geb 


16riw D 





p'2,—2 log e(z -- 2,) —2 log a (2 — 2,) 


— 8 log e(8 4- 8,) +g log e(z — zg) 
— iz log c (2 + go) +iz log e (2 — 2,) 


4- ia log (2 4- 2,) — i2 log a (2 — 2,) 


+a harmonic function. (2.2.8) 


SINGULARLY LOADED RECTILINEAR PLATES—BENDING ETC. 91 


Modifying this integral in such a way that we get singularities of the type r log 
at the point 2, and its images in the lines OA and OC, we write, 


mS niga dose den eso D E 
+ (2 4 2,) log o(s 4-2.) — (2 — 2) log o (2 — 2,) 
— (a + 2,) log o(#+2,) + (a — 2,) log o(2 — 2,) 
— (a +z.) log a(z  2,) + (2 — gel log ole — 2) 
+ i(s — 2,) log o (2 + 2,) —i(z —2,) log o (2 — 2) 
+i(8 +29) log a(z +g) — ile — g) log olg — zo) 
—1(2+2,) log o(¢ 4-2) -- i(8 — 2,) log o(2—2,) 


—i(a+2,) log o(2+z,) + (2 — 2,) log rla — 2,) 
+a harmonic function (2.2 4) 


The expression on the right hand side of (2.2.4) excepting the harmonic function 
vanishes on OA and OC, while on CB and AB its values are 


— 2i, [log Mest 2+ ool us tat £0) _ on (2, — 50) ] T 85,22, 
Tlws -- 2 — 8,)o( — w - & — 2) | 
: | (2.2.5) 
and — 2io,| log e (o, tiy + plow, 7 ty + Boy _ 29, (#0 + Zo) )]- 817, Yeo 
olw, + iy — gelo — ty — 2) J 
respectively. 


In order to find the harmonic function which will vanish on OA and OC and have 
the values (2.2.5) on CB and AB, we expand the expression in (2.2.5) in Taylor’s series 
and then the required function is found to be 


(9n, | w3)%o(2? — 87)  2io4 [A (C22 — pz) + A,(sp’s + 2pa) 
+ As(aCp"g + Së #—16pz) + A,e(p's +61 p*a -#.6!pe) 











+the complex conjugates | (2.2.6) 
t mos - ose 345293. Ex BL „5 t 
where 4,— (Zo + Zo); Aa =——(# +40); As RV + s) (2.2.7) 
2117, 8 o, Sin 


and in general 


a A et) 2.2.70) 
. W3 


Ain-1= 
From (2.2.4) and (2.2.6) we have the required expression for w. 


Shear Forces: For points on OA, we have 


P pz plz 
een | TEL E | (2.2.8 
” 9n l(p'z— pe)? (pz — ps,)* i 
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In the particular case when the point of application 1s the centre, we get, 


_ E p*r—i = (9.9.9 
Wee send P Liu SS 





The values a for a few values of x are given in 


TABLE 5 
x w,/4 w,/8 w,/2 . 2w,/8 8u,/4 
a '814488 "884051 "358558 151050 "068195 


Similarly, for points on OB we gel 


Sou =? et 4, op (r, —4, 0) + pr, —4, 0)] 


p*(r,-4,0)—p*(, 4,0]? 
—2Px 





,say ^ (2 3.1U) 
and Quest) 
where Q, and Q, have the same meaning as in sec, 21. 


. The values of a for the particular case when the couplo acts at the centre, are given, 
for a few values of r, in 


TABLEO _ 
T o, MJ 2/4 w, 2/8 w; y 2/2 oR 72i), A 218 ` ow, V /a 
a "54984 1.08907 oo 1'08907 DEUDE: 


3. Equilateral Triangle 
3.1. Couple at an angular point. In this cage we write (1.4) as (Love, 1889) 


"ND" NT E tes 
SS gz nd; g, = 4. (8 1 1) 
The points P, Q, R of the triangle in the z-plane are taken to be 2io,/ 48, 0, 


o, (1-Fi/ 8), respectively ; o, denoting the real half period of p(z) (see fig. 2) 


Y 





FIG. 2° 
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(1.0) may now be written as 


3 P e Te 
Ve petra (3.1.2) 





giving 16rw D 
P 


= Sie +epz +9 (8.1.8) 


where 9 is harmonic. 


It is found that on QP and QR 
zp2 +zpě = U [8.1.4a) 


and on RP Zpz + 2p2 = —2Qw,p(tr) (8.1.4b) 
where r denotes the distance trom C, the point where PR produced niets the axis of æ. 
The condition w = 0 on the boundary ı3 therefore, satisfied if, on QP aua QR 

o = 0 (3.1.58) 

and on RP = Yn pir). (8.1.5b) 


To find this function we note that i G = G(z, t) denote Greon's function for the 
triangle, we get 


del 
ge Zu, Dir (OG jOn)dr (8.1.6) 
dei] V H 


where n denotes the direction of the outward drawn unormal. 


On PR 2 — cos 00°F + sin 605.9. 
Cn Cx Ou 


um ET EF (8.1.7) 
where 1, &, e’ arc the cube roots of unity such that 
s=i(—14+1V3). (3 1 8) 


21 Sr 








/ 


Now 4zG —log £ —— + complex conjugate 
23 n 2i 
^g vi 








"d 


pz — pt 


= log ge + complex conjugate (8.1.9) 





so that on RP where ss Du, — DÉI 
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Zë 
EE ey oe ps 
On 


|+ complex conjugale 
p'z+pt 


- -2| PE Du |. (8.1.10) 
pir- p pir+pt 
dwf 8 e 2 2; 
Therefore p= | 20 ,plir) 3 (Er — M LL )] Ir 
\yir-pi pr 4 yt 
= dol V8 
b.e. ar pines 


+ complex conjugate. 
ahn pir—p't 


Multiplying and dividing the integrand by p’ir+p’t, we get 





— 
— 


1 du H Mul z 
ZT? de piP? óp"t(pir t ptg, + complex conjugate. (8.1.11) 
Bo, 2/98 ya pt- pir) 


Breaking into partial fractions and employing the relations 


p(ea)=sp(a), p(s?2)=e'p(z) (3.1.12) 
we get Opt(p'ir + pt) 


_, EE ps p'(el) + p'ir 
4(p? t— p*ir) 


pt-pir 2 p(st)— pir 
Now p prepara dr= -i TER os pi -AJAn 
— pir 


uu p'(e*t) + pir 


— (3.1.18) 
2 p(e?t) — pir 


—i[ —log e (f — i r) + log o (i7) —irt(t)]. 


wl 8 
Therefore f Gp*t(p'ir Ce, —if —log ett -17) 
Ze JV 8 4(p*t — H "rn 


— € log o(s£— ir) ef log oieëi ir) + log o(ir) + « log o (ir) tel log a (ir) 


do (éi 3 
—irt (t) — sirt (st) — e*ivc(s^1)] REES 
This expression, on ernployıng the relations 


Ger) = eE (r), G(e?r) = sr) (3.1.14) 
` Eat (acf) gt At 
CE, ER) yg | num 
| «t- D (st Sn) (erii ) 


Introdueing the notation 





becomes 





(2, t) = log c (s +t) +slog o(a + et) +6? log o (e + 87%) (8.1.16) 
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and substituting in (2.1.11) we get 























_ TP On ny ry _t aes (es s) 
i mug FEES ae L (pete + pats) alta) t 
Cl AASL am 
d i ap 7) 08:7]. (8.1.17) 
n ` : : 
Now (C ud «log Ze: E s log of “22 ten) +e? log o( 22: déi (3.1.18) 
EN v3 v3 v3 
dr ,/2i 9i fai 
df _ (Zio, ) E ) E e | 9 
E d ug me T ex use + si 73 +272 (8.1.19) 
e , ? 
and a = Ge sell Her) (er veel (8.1.20) 
=0 
in virtue of the relation 
2 | paene f- —p(t 3.1.21 
ple «1| EEE [—ple)— pte (3.1.21) 
and the relation p(2iw,/ / 8) =0. (3.1.22) 


It follows that 
f(2io,] J 8, a) As + B 


A and B being suitable constants. 


Putting € —0 in (8.1.18) we see that B —0 and by putting s=0 in (8.1 19), A is seen 
to be zero. 


Therefore f(2io, [ / 8, 2) 0. (8.1.28) 
a Or L5 2lwı N 
Similarly (Ems kA - - S5, a)=1(- 2 ; z)=0 (8 1.24) 


(3.1.17) therefore reduces to 








e a, CH a+p’e) + s (pate + pata). 
| Substiuting in (8.1.8) we get 
Trb D- spe taps Ze (p's + p’a) — au Bo, (pels + pats). (8.1.26) 
For points on QM where s= —«*7, r denoting the distance from the origin, we write, 
at -grp(r) + ENESE p's + pri) (8.1.26) 
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SES Di = Qa, 84y. 
P E 
Using the values of {{r, 4, U) given in 
TABLE 7 
7 w f4 w,/8 w,/2 20,/8 
Ur) 3293936 2°470167 1'641647 1'225305 
we get the values of « given in 
TABLE 8 
r w,/4 »,/[8 w,/2 20,/8 
o 06518 "04832 03020 "01868 


Shear Forces We get from (8.1.2) 


Lars ZP pee + pz); Q,— (pre — pia) 
Ar Ir 
On the side QP this gives 


— 3P 
0,20, ue ZË 


n 


p*(y, 0, —4) 


_ —8Px 


T 





, sar, 


The values of » for n few values of y nre given in 


TABLE 9 
1j NEIE OCH Den: (4 8 of V8 
a 1059'50 60:1899 13:0026 4 
On th. median through the origin, 
P 
Gu p*r, = dv 3P p*r 
nm 2m 
so that Q, = He cos 60° + Q, sim 60° "n 
m 
DM 
TJ j y 


Q, = 0, 


where Q, and Q, have got the meaning analogous to that m the case of a square. 


The values of « for a few values of r are given in 


TABLE 10 


T w,/4 w,/3 o,/2 2w,/8 
a. 11776 37'298 14041 2.5198 


Ow, /4 
1'080050 


Bw, fb 
01879 


(3.1.27) 


(8.1.98) 


Bwy vB 


(3.1.29) 


(3.1.80 a) 


(3°1°30 b) 


o 


1 
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3.2. Couple at a point on the median through the origin, In this case we write 


(1.4) in the form 





t = ipg: ga = 0,9, = 4. (8.2 1) 
(1.5) now becomes 
vw = E |. : 7 je dd. p ——| (8.2.2) 
dr D pa2-—p Zo p'a t ya, p'z —p'a, p'2 +p Zo 


Integ:ating this equation and modifying the integral in such a way that wo have 
singularities of the type rlogr at the poiat of appucation of the couple and its at images 
in the lines QP and QR, we write 


06 wD 


S ptr, = (2+7,) log olz +7,) + e(z  erj) log olz ter, 





+ ist et log a(z str) d (2-74) log o(2 — 7) «(2 pri log ole — er) 

+ 6?(z—61,) log e(z —e?rj) + (2 +7,) log o(2 t ri) *- s(2 +e?r,) log o (z +e*r,) 

+E? (2 * er) log e(2 t er) - (2—7,) logo (a — rj) + e(2 — e?r) log o(s — er) 

+ e?(z—er,) log o(z—er,) + complex conjugates 

+a harmonic function (8.2.8) 


where 2, = — £77, 18 taken to be the point of application of the couple. 


.Now the expression on the right hand side of (8.2.3) excepting the harmonic function 
vanishes cn PQ and QR, while on RP its value 18 found to be 


4 3 
05, dag ME s p 994 
o, log EET (8.2.4) 


so that we are to find out a function which vanishes on QP and QR and assumes the 
value (3.2.4) ou EP. (r denotes the distance from C). 


The required function is found to be 


D , 4 43 T 4 
XL | eee ip? + ra a a ee. complex conjugates | 


VP 


pr, 4p*ri 


x d EE + ae an, +...+ complex conjugates |. (8.2.5) 
Zi, Dir, 
From (3.2 3) and (8 2.5) we get the required expression for w. 


To take a numerical example we take r,=w,/2. Writing 


I6rwD ` 


ER pm 


P 


6—1906P— 2. 
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we have after some simplification, for points on the axis of symmetry, 


a 


9*(w,/2) 
+ (2r +4r,)[ log (p?r * prpr, + p77,)] 
t (8r+16r,)[ log or+ log c1, ] —- 16r, [ Real part of log o(r+ er,)] (8.2.6) 


= (—4r+4r,) log | e(r— r,) |— (4r + 4r) log o(r 4-7) 


r denoting the distance from the origin, 


With the help of the values of real parts of log oz given 1n 


f TABLE 11 
2 . . & log cz g R log ox 2 R log oz 
0 —oo Bw, /6 ‘0067400 iW 8w,/4 1:8573012 
w,/6 9° 4024289 big 1787968 o,/8 TEE 18754810 
w,/4 28078907 7w,/6 "3090899 ` Den, (8 ten, (7 1:6848211 
Bu, /4 1-9037855 Ba, (4 "8572354 ` Bw, /4 t tw, /2 178138824 


we get the values of w given in Table 12. The quantity r in the table denotes the 
distance from the origin. 


TABLE 12 
T w,/4 w,/8 01/2 2w,/3 Bw, /4 
o — 01785 — 02796 "05123 "1286 "1089 


It will be observed that the deflection at the point of application of the couple is 
not zero. However, calculations indicate that if the couple ba applied at the centre of 
the triangle, the deflection at the centre is, perhaps, zero. 


Shear Forces: We have for points on the median through the origin 


d. SP pr | 
decas SR 
T denoting ‘the distance from the origin along QM. 
This gives 
—8P 
Q,20,Q, = B (3.2.8) 
2,(4,3 TN 
where an D Ir t p^r, — 2) (8.2.9) 


(p°r — p*r,)? 


The values of « corresponding to a few values of r, for r, = w,/2, 2w,/3 and w, are 
given in 


TABLE 13 
TT w,/4 w,/8 w,/2 Ju, (D Ha, /4 Wy 
w/2 "09653 "21347 oo "20999 "10622 "05157 
2w,/8 '00288 '171185 02200 oo 2 26650 "38833 


01 '09222 "16446 "38490 "83995 1'39492 o9 
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8.8. The solution in sec. 8.2 breaks down when r, = w, for then at ir = iV as the 
expression (8.2.4) comes to possess a logarithmic singularity the series in (8.2.5) also 
becomes divergent at that point. But now (3.2.2) degenerates into 





9 P ] i | 
Re oes ee e . 5.8.1 
VU mE 5l Vs y (8.8.1) 
giving, ` 
SC = 2 log (pa — 1) + ez log (pz — s) + e?z log (pa ~£?) 


T£ log(pa — 1) + ez log (ps — £) + €?z log (pa — €?) 


+ a harmonic function (3.8;2) 


and corresponding to (3.2.8) we may write 


OüzwD 


5 = Le +2)[log (pe — 1) + log (ps —1)] 





+ (e*2 + sz)|log (pa — £) + log (pz—s?)] - 
+ (sa -+e%2) [log (pa — ej +log (pz — &?)] 
+ a harmonic function. (8.8.3) 


The expression on the right hand side of (3.8 8) excepting the harmonic function 
vanishes on the two sides through the origin and on the third side, its value is found to be 





E (L—pir)® E 
2w, log Te (3.8.4) 
exhibiting the logarithmic singularity at the point ir = io, 3. 


Now consider the function 


| log Pe fog Pt ud (3.8.5) 
pa +2 p'z —9i 








E e. 
4 


This is the stream function for liquid contained inside a cylinder of the equilateral 
triangular cross-section due to the presence of two equal and opposite sources at the 
points E and P, the positive one being at the point E. The sides being the stream lines, 
this function is constant along them. It is found that ıt vanishes along QP and QE and 
is equal to unity along EP. 

Accordingly, the function 


+ log (1—p*2) log 2 — + complex conjugat 
Ce log (1— p?z) erg: complex conjugate 





which on the boundary of the triangle is the same as 
p'a-2i WELLEN 
p'a +21 C2 - 9i 








—. log (1— p?z) [log 
2m 


vanishes along QP and QR and assumes the value log (1—p?ir) along RP, r denoting the 
distance from C. 
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We, therefore, modify the expression on the right of (8.8.3) by addiog the term 





zen log (1— p?z) log 7 + complex conjugate (3.3.6) 


and now instead of (3°3°4) we have 
Bw, log (1 — epir)(L —s?pir) 
which 18 the same as 


d 2 3 4; 
6o, IO -SP T Han | (3 8.7) 


This series is uniformly (though conditionally) convergent at the point pir = 1. The term 
by term integration of the series obtained by multiplying (83 7) by Green's function 
for the triangle, 18, therefore allowed. Consequently, the function which vanishes on QP 
and QE and takes on the value (8.3.7) along RP is found to be 


— d (patz + àp'z + pate 4 ip'a) 
1 


Se = = ZE 
+ =í peat dpe +apta+ ap’) eg (0 Jog 
T 


Wy 


p'2 —2i 
paet+2i 





. 4 En ^ f SE e 
D DET DE LUE ) L (kapte + pz + qop’e + Gap 
Dr pa — 9i 2m 27 81, 


+ ip^z-cqp2) + T (zpz +4p°z  1ip/z + zp'a | Ap 2 
(Wy 








= pêz p2-2ı p^s 5, 
+ £)t$l — log = = = 
tapa) và ( "n SR pz+2ı dr 8^ í 


85 ET. Wi 

A log pe E Ei. SE ERN | (3.3.8) 
T ne — 9i dr Or 

From (8.8.8), (3.3.6) and (3.3.8) we get the desired expression for w 


Shear Forces: The shear forces, at point. on the axis of symmelry, are given in 
Table 18, 


A Right angled isosceles triangle 
4.1. Couple at an angular point In this case we write (1.4) as 


2p 


p'z (03 7 4, 9, = H. (4.1.1) 





t= 


The angular points P,Q, R of the trangleia the z-plane are taken to be 2w,, 
o, (1 +2), O, respectively ; w, denoting tho real half period of p(z). (see fig. 8) 
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Y 
Q 
Ve D p x 
FG. J 
—2mD _2 p'z us 
1.6) now gives — fe 4.1.2 
(1.8) B P ı 2p°l?z Op, | 
1 2 
Therefore "at _-—4r (4.1.8) 
P pre piz 
where 9’ is harmonic. 
We note to start with that 
pt(z+2w,) = —pte (A) 
pi(—z) = —pta (B) 


and that branch of the function ptg is employed 


It is easily seen that on RP and EQ 


g g 


which has —1 as its residue at the origin. 


a _ Ze zs Mun) 
, _ 
and on PQ Sc SCH a (4.1.4b) 
r denoting the distance from the point P. 
The boundary condition w = 0 will be satisfied, if 
on RP and RQ e = 0 | 
p= 2Min — | (4.1.5) 
p*(r, — 4, 0) 


We note that the requisite function e has got a singularity at @, and to remove 


ib we write, 





Sr DA 4 _ +. ul 
P phe pte 


where 9 is harmonic, 


pix 


in 


e" itx 








T (4.1.6) 
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The values of e-**/piz—et"|[pte on RQ, PQ and RP are found to be 
0, —2i/p*(r, —4, 0) and — y 2i/ pkz respectively, 
so that we should have on PQ and QR 
920 Ä | 
—Qiw, | (4.1.7) 





"TT pig 


In this case Green's function G = G(s, t) is given by 
p*Psp't — p*PL gie 


= -* “+ complex conjugate. (4.1.8) 
päifen) — pet p'a 


dr G = log 


On RP s 


so thal we get after some simplification, ` 





Qn i- = X(e, 1) - x(z, 1) (4.1.9) 
e 8/2 nn’ t8/24 — B : 
where e a cad a ied a a (4 1.10) 
- Ap’zpt — pxp*t) 
Therefore 
Te 2o, (0, es 
9 = (8G/[8n) dz = — Er [X(z, t) 7 y(x, t)]da. 
„pie 
Observing "s 
plo, +2) = pt 2w,- w, +2) = —pl(-o, +2) = pHo, a) (C) 
and Da +7) = p(u,—2) (D) 
— ^o p'tpit M 
we geb PM =f ER complex conjugate. (4.1.11) 
We have, 





^ ppit gl f opt ee d f Pid ag 
J prx— pt = 2ptt A pr—pt "äert pz — p(it) 


= xar zt Die Dis t) - 20(0] dx -gn | Reit 


—t(z —:t) - 2t(10) ]da 


= ES [ 10 wee — log SE SCHO 





i [iog lor tit) A ZÐ A. rq 
SCH re BO (4.1.12) 
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The right hand, on observing that 
olw, +t) = e?ntg (w, — t) 





— | log cA eg praca | 280. 





b Eu. rn 
an apti c(-t Pod pH 
To determine the values oí log - gei ‚log in , wenote that, 


(4.1.18) 


in (4.1.12) the 


left hand side vanishes ab t = «(1 in véi therefore the expression under bracket on 
the right hand side must also vanish. This gives, equating real and imaginary parts of 


this expression to zero, 





log Sg — —qgqi; log — = m, 


— 
—À mm ` Mmmm 





w here T= Deal dE er (ty -( PuL JJ 


the sign before each radical being now taken as positive, 


Using the values of {(y, 4, 0) given in 


; - TABLE 14 
y w,/4 w,/3 w,/2 2, [8 
C(y) 3°048691 2982710 1506642: . 1°096876 
we get the values of « given in 
TABLE 15 
y «,/4 w,/8 w,/2 2u, /8 
o '01512 ‘01977 "02802 ‘03439 


Shear Forces: From (4.1.2) we get, 


EX 1 4 | | 1 E! | 
— = — M mn FR D ; 
vs cT Lp9hg pili ey m Lp itz pili 


For point on the axis of symmetry, this gives, 











2P 
Qe =0; = m Prw) = 


(4.1.14) 


(4.1.15) 


(4.1.16) 


(4.1.17) 


8,/4 
0:0519121 


3o, /4 
"08672 


(4.1.18) 


(4.1.19) 
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The values of « for a few values of y are given in 


TABLE 16 
y Bw, /4 20,/8 0/2 w,/8 w,/4 
a 28°50001 12°1186 3°75114 1°77844 1°88085 
4.2. Couple at a point on the azis of symmetry. It was found convenient to 


shift the origin in fig. 8 to the point Q and rotate the axis throngh 180 degrees. (4.1.1) 
then may be written as 


C= Opie ; Jo = 4, 9, = 9 (4.2.1) 





the branch of the function ptz used being one that has — 1 is its residue at the origin. 





—P pa 
(1.5) now becomes vw = — | + complex conju ate |. (4.2.2) 
! An DL pta(p*z — p*a,) Jug 
This gives 
—B2rw D an d ptz—ptz, pia —i piz | 
P p"^z, = 2| log a, t log a. complex conjugate 
+a harmonic function (4.2.3) 


the point 2, being taken on the axis of symmetry. 


Modifying (4.2.3) as ın the previous sections, we write, 


m an, = (—2+2+2,—2) log [ptz — ptz] -(z—2 t z,—24)X 


log [pte + pke,] + (12 - 2 +z, tz) log [ptz + pk(ie,)] + (-ie —iz— 2, 
+2,) log [pta — ptiz,] — complex conjugates +a harmonic function, (4.2.4) 


It is found that the expression on the right hand side of (4.2.4) excepting the 
harmonic function vanishes on the two sides through the origin while on the side 


z = — w, +x its value is 
dw jog | SCH log | ECG: | (4.9.5) 
: piz, piz : pia, — pz ii 
Here as before (see sec. 8 3) the function 
ps—ps, i jog P**t?ps, lex conjugates 4.2.8 
4a, log ne c D log Ber complex conjugate (4.2.6) 


vanishes on the two sides through the origin and assumes the value 
D — Pžo 
«| log piz, ~ pe | 
on the third side, 
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As regards the term 


pig, — pie - 
4o, log er (4.2.7) 


we expand it in series and considering the series term by term (which is allowed in virtue 
of the uniform convergence of the series at all points on PR), we get, 


1 "e 
te + p# )* a e PE 
= Lr E 2ntiz Dua äs, p 2piz 


[2 D A o 7/2 
Long d E Ls) Twgp tz (ep d 








‚r e 
5 gr "e, 





18 
mis ‚4 DM 


gei, "5 piz : — eomplex conjugate (4.2.8) 


as the function which vanishes on the two sides through the origin and assumes the salud 
(4.2.7) on the third side. i 


From (4.2.4), (4.2.0) and (4.2.8) we get the required expression for w. 


4.3, The solution in 4.2 breaks ow when Zo = 3. But in this case (4,2,5) 
reduces to l l 


—8w, log (1 — iptz) + 4o, log (pis, — pz) Zu /— (4.8.1) 


The series for log(1 — ipte) is uniformly (though conditionally) convergent atipta= —1 
(i.e. at the point 2 — —o,). The term by term integration of the series obtained by 
multiplying this series by Green’s function for EE triangle is, therefore, allowed and 
consequently, we get | 














— Bra TZ Jon RIO A tents + E Hape PE ~ ps Ds ! 
Län 2pta 2 pkje 2 pig 
a di s e 29 e D ,F. D m 
- Sapte + P tapii + PE 7 S (to Bar E Per) 
Bws 2ptg 2pis! Arl 2 p'z — 2ipta pe + 21pta 
T der ae UL b+ m | (4.8.2) 
pie pte j 


as the function which vanishes on the two sides through the origin, and assumes the 
value 

— 8», log (1— ipte) 
on the third side, 


Also 


åw, log (pi, — pe). 5; lo g BE — complex conjugate E (4.3.8) 
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is the function which vanishes on the two sides through the origin and assume the value 


Au, log (Piz, — pz) 
on the third side, 


From (4.2.4), (4.3.2) and (4.8.8) we get the required expression. 
Shear Forces: Form (4.2.2) we get, for points z = ty on the axis of symmetry, 
— 2P py ` 
a Es SS =o GE PEN (9 — 21 — 27 4.3.4 
Qz Qy SEHR p*y -p*yy) (4.3.4) 
8,7 îy „being the point of application of the couple. 


In the particular case when y, = w,, we obtain, 





Q, = SEA (4.3.5) 
"T 
where a = py] (py — 1). (4.8.6) 
The values of « for a few values of y are given in 
TABLE 17 
y w,/4 w,/8 w,/2 2/8 Bu, /4 
a "33118 451655 "77680 154018 256771 
B. Isosceles triangle containing an angle of 120 degrees. 
In this case we write 
3/2 
C= opr og, = 0, ga = 4. (5.1) 
peg 


The angular points P, Q, R of the triangle in the z-plane are taken to be 2o,, w,(1+7/ 8), 0 
respectively, w, denoting the real half period p(z). (see fig. 4) 


Y 


a 
R P S 
9 RP Z0 
FIO. 4 
Now (1.0) becomes Viw = T1 Em = | (5.2) 
27 DL Spitz ^ Get 
u BawD s: 9,, 
giving —R—— m +? (5.8) 
P pia pte 


where 9' is harmonic. 
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In this case also, the values of ptz on RD in the neighourhood of R are negative 
and relations (A) and (B) of section 4.1 hold good. 


" z 3 
Further, we have, on RP and RQ —— — — = (5.4 a) 
HS akg 
and on PQ Br. en AUTE 2w, + roiie 
Dia ois — War rel) Du, + re cine) 


= EE (eötzld — g Belt) 


viir, 0, —4) 
mm" 
= ski, A Nee 


r denoting the distance from P, where use is made of the relations (A) and (B) oí section 
(4.1) and the relation 


. pX(Az, A~*g2, AC ga) = A~*p¥(#, go, 9o). 
The boundsry condition w = O will be satisfied, if 
on RP and RQ e = 0 ) 
pis 2i, t (5.5) 
pi(r, 0, —4) ] 


We note that the requisite function 9’ has got a singularity at Q, and to remove it, 
we write, 








1 P ZS — Tel 32/0 
a — u]: Che 5.8) 
P pte — yg VƏL pte piz 
where 9 is harmonie, 
—tu ctir g` tu gtts 
N R ee Be LEE 5.7 a 
OW on Q pte piz pi(r,et) pt(rje7 bie? ( ) 
et gen e- dr gtir 
d 0 P — = o ME Gr Sa Se re I Dee ace ce a 
anne pie piz pi(2w,-retv) — p¥(Qu, +7 er) 
g- in eis — 8i 5 
SE nn ch ` ——— En 5.7 b 
pt(r,0,-4)  p$(,0,—4)  pt(r,0,—4) )] } 
. ; et ch — Lj 
while on RP, ee. (5.7 c) 
piz piz pte 
so that we should have 
on PQ and QR SD (5.8 a) 
— iw, (5 8 b 
and on RP = — + .8 þ) 
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Green's function G = G(z, t) is the same as in section 4, except for the changes in 
the values of g, andg,. We get 




















along RP of = X (æ 5 —X,(e, 1) (5.9) 
where vis, I) = S pr pte ptp). (5.10) 
. pra — mit 
Qu 
+ —2Qiw, OG 
T = lI = 
herefore 9 | RES 
^ u D X, (x, 8 dz 
E 1 , 5) -X, (x, t 
J es Date 0 7X6 i] 
T —m9 ‘pip rt a. 
vin = — complex conjugate (5.11) 
Kg VS» J pa-p Å 
on using relations (E, F) of section 4. 
Further, we have i 
^ p'ip?lt 4 | c(t) c (ct) a a (e*t) i )] 
i ETE Spit log oc) P log SN) + Bw c(t) (5.12) 


c (t) lo g (et) i5 o (e*t) 


D ] ’ 
To determine the values of log o(— st) © (et) c (— e&t) 





we note that the left 





hand side in (5.12) vanishes at the point t = w(i+i//8). Therefore, equating the real 
and imaginary parts of the expression on the right hand side to zero at that point, we get 





log a — mi, log inr lo VC = —mi. (5.18) 


From (5.6) and (5.11) we now get 





Ben NECI ET (5.14) 
P pis pig T pis pia 
For points on the axis of symmetry, (5°14) gives 
—] | d 00? d p'(y, 0, —4) 
i = — — — 0,—4 D EUER RET . 5.16 
where 8r L pia a bpte MY, ! VEG eo: 0, —4) 
Using the values of Cu, 0, —4) given in 
TABLE 18 


Ca, 0, —4) 57705405 4°2796070 .. 2°852850 2°14016 1:90296 
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we get the values of « given in 


TABLE 19 
y w,/4¥8 w,/3W 83 o,/24/8 20,/84/8 Bw, /4/ 8 
o ‘0042164 0054635 0074884 0085182 008452 


Shear Forces: From (5.2) we get 





= BR —] = eft | 
Qa l Dr pis pili , Qy ~ Ir pog. T poll . (5.16) 
On the axis of symmetry, 
—8P 
Qs = 0, Qy = d 
D? 
where 5/2 
_ [ply, 9, E 
i p(y, 0,—4)—2 


the sign before the radical being now taken as positive. 


The values of « for a few values of y are given in 


TABLE 20 
H w,/4V¥8 w,/3V7 8 vn (D Ai 8 Ou, (VD Hun, /4/8 
o 1°26886 1°52518 2°70516 6'01254 13°98105 


6. Right angled triangle containing an angle of 30 degrees. 
In this case, we write. (1.4) as (Timoshenko, 1940) 





/ 1- ; 
$ S J2= 9,9, = 4 (6.1) 


The points P, Q, R in the a-figure taken to be 0, o, w,(L+i/ v8). 


A further transformation | 





(6 2) 


transforms the upper half plane in (’-plane to the same in ¢-plane. The points P, Q, E 
in the z-figure now correspond to 0, 1, co on the real Gage, 


Y 
R 





H Pà 30, 
FIG, 5 


110 B. D. AGGARWALA 


(L8) now gives vw e !5 [papa] (6.3) 
4r D 
80 that the load is assumed to act on P. 
Integration of (6.8) gives 


I = azpzp'z-—zpzp'a--o (6.4) 


where 9 18 harmonic. 


apazp'e —epzp'/z is seen to vanish on PQ and PR, while its value on. QR is found to 
be 2o, peepz. 


Green's function G = G(z, t), here is given by 


Ja an LEE 
4zG = log a st A prep (6.5) 
pDa—pM pree-pre 


OG Op*zp'a : i 
so that ulong QR dr eme m ju pi t complex conjugate. (6.6) 





oil V d 
Thorefore -9 = f 2w ppa = dy 
n 


D 


a~" —,, dy —complex conjugate 
i wil] V d pêz -— pz 
= 1 ———-, ~complex conjugate 


. = eie 3 y 6,6 CET EE A EE, 
or E ea f (pla — pt) + pt — (rs — pit) —p't d2 — complex conjugate 


pa- pi 





i6., — rip E le, : en BET lo ow,  10,/ M 8 +1) 


12w, i MB 12 olw, tw [wart 


elo, tio [ VƏ tet) | TS Tlw, + Eo, ] M 9 4 7) 


IST 
Meter EE SE E 


- "zen + complex conjugate. (6.7) 
N 
Here also, as in section 8, 


fo, t 1o] 8, tO — f(o, tio 8, ~t)=flw,-to,/ 8, th= fan, te Tä. —t) 0. (6.8) 
80 that we may write, 
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— of, t) a 2ı (p3t ~ pt) + 


IER V8 Pg Lp (t) sier mg) (8.9) 


Substituting for 9 in (6.4), we get the expression for w. 





Shear forces: From Viw = Z5 (iz — p?z) (6.8 bis) 
we gel 0. = a (pzp z -pzp z), Qy = T. (prepa + prep'e) (6.10) 


To take a numerical example, we may consider the values of shear forces on line 
PQ. Here, we have 


Qe = 0, and Q, — — (6.11) 


where g = > p'ap'z (6.12) 


The values of a for a few values of x are given in 


TABLE 21 
Da w,/4 v,/8 w,/2 2w,/3 8o,/4 
o 42u7°99 561°968 828695 4°86449 1'87964 


Sımilarly for pointson PR, we have, 
Q, = op (r, 0, — p'(r, 0, — 5) (6.18 a) 


—8 y 3P : 
Q, = = YF pir, 0,-4)p'ir, 0, 4) 





r denoting the distance from P. 
(6.7) gives 
Qu = Q cos 30° + Q; sin 30° = Q. (6.14 a) 
Qu, = Qe cos 120°+Qy cos 30° = TE pr, 0, —4p'(r,0,-4) = 9L* say (6.146) 
7T T 


where Qu denotes the shear force per unit area across a plane tangential to the side PR 
while Qnn across one perpendicular to PR. 


The values of « for a few values of r are given in 


TABLE 22 


t 0/2483 w,/8 o,V3/2 
a 158741 12 “928204 
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Appendix I 


Following is the method that has been adopted in doriving the numerical 
values of the elliptic functions and the related ones, listed in the paper. 


In Table 1, the values of p(r,,-4,0) for r, =wy3/4, 0, 2[4, v4 2]8 were 
derived from the series 


ef gg 


1 2? 
demi ld LU ee 
? b 45 35,18 


& 


+ O(c!*) 14.1) 


pe) = 


To derive other three values we used the formula 


O) = g. + (@,—6,)(€, — 83) MEN À.2 
EE p(z, 4, 0) — e, p(z, 4, 0) Ee 


giving, for points on the diameter through the origin, (see sec. 2) 
Ploi 2—7,, —4, Q) = [p(r,, —4, ol? (A 3 


To determine the values of &(r,, —4, 0) for r, = wv 2/4, ny 2/8 use was made of 
ihe series 


1 si EM 22H 
„4 0) = ks — SE We . A. 
Se = atis ma t peerage FON WA 


The value for other values of r were derived with the help of the formula 


Zar ED pv 


Du v) = t) t) +47 (A.5) 
pu= pv 
Substituting « =w, in this, we get 
+ ’ 4, 0 = C p'(v, 4, 0) 4, 0) 
(wg +v, 4, 0) = gea t(v, 4, 0) WC 4-0y (A.6) 
To determine the value of n, we noie that 
Ns 04—1,03 = 77/2 (A.7) 
and since 7, = 1n,, o, = —fw,, this gives 
ds dm m T. (A.8) 
Ae, 
Finally, =n = $~ ws, 4, 0) = blw tws, 4, 0) = bw, 4, 0) + Has, 4, 0) 
from (A.5). 
Therefore "4 = ZEN gs (A.9) 


4o, 


b 
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For points the diameter through the origin, we write v = r, e7*'* in (A.6) and get 


zs eo) un, (A.10) 


: 2—7,,—4,0) = 
Lara T1 ) dU a(t, —4, 4,0) 





This formula determines the other three values, Thus when r, = v1| / À we geb 
D bag y 2 e 
2 lw, (VH, 4, 0) = p /2 (A.41) 
i Wy 


and similarly for other values. 


Similar considerations lead to values of (el for other values cf g, and g,. The first 
two values in every case were found from the series and the remaining three with the help 
of the relation (A.5) and the formula 


(äs, AT ga, AT Ja) = A756, 93593). (A.12) 
We may mention in Lhis connection that for ga = 0, 9,>0 


bo = n8. (A.18) 
The values of log.r(z) for various values of g found from the series expansion as also 
(for values of arguments with modulus greater than w,) with the help of the formula 


loger (o, +8) = Qn,2 + loyo(m, —2). (A.14) 


Appendix II 


When the couple is applied at an angular point of the plate, it is seen that the mag- 
nitude of the couple in the [-plane, and the shears and deflections at all points of the 
plate (exept at points very near the point of application of the couple) are all zero for all 
finite values of the moment of the couple inthe 2-plane. However, if tho couple be 
applied at a point very near the angular point, the moment of the couple in the ¢-plane 
will be finite provided the magnitude of the couple in the s-plane is of the order 1/7""; 
where 7 represents the short distance of the point of application of the couple from the 
angular point and r/n is the angle there. Our solutions in such cases, therefore, 
represent the deflection ete. obtained by applying large coup!es at angular points of the 
plates. Also, as part of the general line of attack developed here, they illustrate the 
possibility of obtaining the solutions to the allied problems in the theory of bending of 
plates in closed fcrm. 


Tn this connection, we refer to the solution, given by Timo:henko (1940), for the case 
of a load acting at any point of a right angled isosceles triangle. It will be observed that 
the expression for w there, has got zeroes of order 2 and 4 at the angular points contain- 
ing angles of magnitude 7/2 and 1/4 respectively. Since the results for the couples are 
obtainable from those of the load by differentiation, it serves ns a verification of our results 
qualitatively. 
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[t will also be observed that in these cases, the deflection at the point of application 
of the couple is not siogle-valued (except in the ease of the isosceles triangle contaming an 
angle of 120 degrees). This objection, however, does nob seem to be serious. We often 
meet with multiple-valued expressions in literature und the only plausible reply to this 


objection is that our results do not hold good in the neighbourhood of the point of 
application of the couple. 


To conclude, I wish to express my deep sense of gratitude to Prof. Dr. B. R. Seth, 


for his suggesting me the problem and very kind help throughout the preparation of 
this paper. 
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THE EFFECT OF INCLINATION OF THE GEOMACNETIC AXIS 
ON THE SQ. VARIATIONS | 


By 


R. PRATAP, 
(Communicated by Di. S. K. Chakrabarty—Received November 30, 1958) 


Abstract, The extent to which tha Solar diurnal variation of the geomagnetic field will depend on the 
inclinatlun of ths Gaomignetic axis has beai workel oub- It 11 3h rw thit thia effect 18 very small and cannot 
account for the differences observel io the Bq Variations of two statioiso1 the same latituda cire! e. The 
results obtained have been ‘utilise1 in the calculation ol the mignitude of the variation in Lhe Sq field, ıntro- 
duced throagh aasu ned changes ın tbe permanent magnetic field of the Farth. 


The different theories put forward to explain the Sq. Variations of geomagnetic field 
have been worked out asa first approximation on the assumption that the phenomena 
depend on the geographical latitude and as such thes3 variations are the same at all 
stations on the same latitude belt, Recent observations however show contrary results. 
Chakrabarty (1946) has shown that the Sq. variation in H at Alibag (e = 18.°6, A = 72. ^9, 
® = 9.?5) and San Juan (9 = 18 °4, A = 298. "H. D = 29.°9) differ appreciably though the 
stations are situated piactically on the same latitude circle. The difference is not one of 
amplitude only, but the general nature of the two curves are quite distinct. A second 
evidence for the longitudinal dependence came from the records of the observatory al 
Huancayo. (o = —12*,A = 288.°7, Œ — —0.*6). Itis found that the H Variations at 
Huancayo is very much different frcm that at Manila (9 = 14,°6, A= 121 °2, ® = 8.?3) 
or at Samoa (p = —18 °8, A= 188 °2, d =: —16?). Various theories have been put 
forward to explain these observed results McNish (1935) has observed that the a9norma- 
lity in the amplitude is evident i in the Sq. variations of H while the other elements sh IW a 
normal behaviour. In all previous analysis proposed to explain theoretically the geomag- 
netic field variations, the avernge values fora number of stations were used which had 
the obvious effect of smoothening out the anomaly referred to above. As such the previous 
analysis could not acccunt for the results cf observations nor even show the proper order 
of these anomalies. In his spherical har onic analysis of the data. of five American 
stations near the 215? E longitude circle, MeNish (1937) has shown that the field varia- 
tions have an appreciable amount of geomagnetic control. He has suggested the lerge 
divergence between the geomagnetic and geographic equators at Huancayo as a possible 
reason for the observed anomaly and has also remarked that a corresponding anomaly 
should exist on the other side f the earth, but ‘‘as the distance between the two is less 
there the effect is not pronounced’’,. This anomaly has been discussed by Chapman 
(1048) in the light of observations made by A. Walter during his magnetic survey of 
Uganda and Chapman explained this by considering the station at Uganda as the 
northern counterpart of Huancayo as far as this phenomenon js concerned, since Uganda 
lies in between the geographic and magnetic equators i,e., in the "'interequitorial belt”. 
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But other stations within this belt such as Singapore (9 = 1.°3, A = 103?) and Batavia 
(p =—6.°2, A = 106.?8) fail to show any such anomaly. Manila which is not far off 
from this belt also fail to exhibit such an anomalous behaviour. Chapman has also 
observed that the mean Uganda stalion is very near the geographical equator and 
Huancayo is very near the geomagnetic equator, and that the two observatories are 
situated very near the point at which the two equalors cross at a very sharp angle which 
fact may possibly have some bearing on the anomalies exhibited at the two places. 


It is therefore evident that the Sq. variation 18 not merely a function of geographic 
latitude but that it hos got a strong geomagnetic contiol. McNish’s idea is contained ın 
the suggestions made by Schuster (1807) that the obliquity of the magnetic axis to the 
geographic axis may introduce certain terms in the analysis which is dependent on the 
longitude of the station. Chapman (1919) has tried to treat this aspect of the problem. 
He obtained the coefficients of the Dynamo Current function up to a first degree of 
approximation but the results were inconclusive. 


The Dynamo theory which explains satisfactorily the major features of different 
observed periodic variations as shown in previous papers is based on tbe nature of the 
field induced by the ring currents produced by the Dynamo action in the upper 
atmosphere. The theory also depends on the nature of the atmospheric oscillations 
existing in the Ionosphere, the earth's permanent magnetic field and the conductivity in 
the ionospheric layers. Of these the atmospher:e oscillation cannot probably 
have a ge>magnetic control, whereas the two other factors may have some 
geomagnetic control. Appleton (1947) has shown that the ionospheric layers in thé F, 
region have a geomagnetic dependence, but the same sort of dependence is not observed 
in the lower layers. The height at which the ring currents, responsible for Ihe Sq. 
field are produced is approximately 100 kin. and is possibly within the E reginn, but 
uptodate evidences do not show any appreciable geomagntic control of the conductivity 
in that layer. The permanent field of the earth which is approximately that produced 
by a central magnetic dipole has some amount of geomagnetic control because of the 
existence of the inclination of the geomagnetic axis to the geographic axis. The vertical 
magnetic field is then approximately given by 


H, = Ccos6+ C tan 6, sin 6 cos (A — Aj) (1) 


where 6, A are the co-latitude and longitude'of the station and 6,, A, ara those of themagnetic 
north pole. The second term on the right of (1)depends on the geographic longitude of the sta- 
tion. In another paper( Chakrabarty & Pratap, 1953 hereafter referred ag A) we have worked 

out the Dynamo theory and calculated the consequent geomagnetic field changes by taking 
for H, only the first term in (I). It is the purpose of the present paper lo examine the 
extent of the contribution of the second term on the right side of (1), on the strength 
and nature of the ring currents and their consequent effect on the Sq. variations. Thé results 
of this paper will then show the extent to which the obsrved geomagnetie control of thé 
field varialions can be associated with the earth's permanent mugnetic field. The analysis 
followed are similar to that given in (A) Since the Dynamo equation is linear in H, we 
can work out the two terms in (1) separately and then add up the result. In (A) we have 
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obtained the contribution of the first term. The longitude effect will therofore be 
obtained if we susb'itute 

H, = C tan 6, ein à cos A, 


where A, is the longitude of the station reck med from the longitudinal plane containing 
the magnetic north pole, m the equ ition 


ec! (Zon S Suh, sin 6 | = Log | 2 O'R + 9 sind — OR | 


09 unb ai 98 EI 
IT 1 ap Ble) 8R Stee] 
Ee o dg ea op (2) 


Ihe conductivity can be expressed us a Fourier terres given m (A) (Eqn: 1 to 4). 
Assuming the velocity potential of the atmospheric oscillations t» ba of the form 


W=32K,P,; sın [rt-a] (3) 
the left side of the equation (2) is reduced to the form 


K?xX 3 ein 0g, tan 6 AT cos Ger —o(o+1)sin opi i 


x fein [(8 * z)$ cA; —2] + sin [(s + 7) -A, -a]} — de {sin [(8 +r)E +à — a] 
— jn [e )6-A, all (4) 


The above expression consists of terms in sin [(s +r) +A, —a] and sin [(s - 7) - A, —«] 
The current function which will satisfy the above eq ıatıon should thus have two parts. 
Following Chapman the current function ean be taken in the form 


R-ZXCK' tan 0, %3 P? [o sin [(m-- 1)£ AÀ, - a] +r” sin [(m — 1)t +à -a]] (5) 
Substituting this value of R, the right hand side of (2) reduces to 


AA C K^ tan 6, zx $ Dann: aa Ji te" + h m 


fg, sin [(m zeit Ae am ] +r” sin [(m &s' - DE +, 7 as ]} 
or XZ CK’ tanb, ÈR? (e(q?ain [(m +8 + 1) A, — am] t r?ein[(m +a’ - UI +, —a] (6) 


where R,,” (s) is defined as in (A) (eqn. 15). Taking only the predominant oscillation in 
the upper atmosphere which a a semidiurnal one we have e — 7 = 2. Substituting 
these values and after some easy reductions equation (2) is reduced to the form 


D 3 gi| (9P,* — 4P,!) sin [(s--2)£ A, —2] -2P,? sin [(e 2) A9 —a]] 


Are 


= ZERO erla, an (m + 3’ +1)t- A EHTK da sin [(m +8" — 1) t+A,— —an | | (7) 
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This however can be reduced to two equations, viz 


3 $ gi, gin | (s T2)5-2, — ol = NAXL R. (8^) Bin (m Zë DL 49A, —an | (Ta) 


4$ OD n mes 


and 


£g, (0P,! — AP.) sin [(s +2)t-A,-2z] = XXX q, R” (s) sin [m+s +1)t—Às— 1m ] (70) 


gm — oo " n 8’ 


the solution of which is aigo a solution of equation (7). 


Equation (7) was solved exactly and uniquely for $7» —8 ussummg as in (A), that 
the relation 


30,0,— ia,? = 0 (8) 


exists between the coefficients in the expression fcr the ıonospherie conductivity. Even 
1f this relation i8 not satisfied, the values of qr and r$ thus determined will nct be very 
much affected. The residnals for 8 S-3 are given in appendix A. It may be observed 
that the residuals are insignificant particularly when the epoch taken is the Equincx. 
In solving (7b) even assuming the relation (8) to be true the equation was solved uniquely 
and exactly only for 87» —2. The coefficients are given in Tables Ia and Ib. 


Chapman has assumed the conductivity to be given by the simple form a, d, cos w 
in obtaining the coefficients qq and 7%. He has also taken terms depending on cos 8 and 
have neglected those depending on sın 8. By a sample comparison he has obtained the 
different terms depending on a, and a,. His c-efficients are also given in Table II for 
the equinoctial epoch for purpose of comparison with the results of our analysis. The 
method of succeessive approximations adopted by Chapman 18 discussed in another p ‘per 
(Pratap, 1954). 


TABLE Ia 


Coefficients of the Current Function 
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TABLE Ib 
3 __ 1 y E 3 0 B d fi itt ` A ll 2 
qs — arg ?! ; q = 0 (By definition); g, = ggg Dat 
2 1 2 Jl 
q = -— 535 EEN? 149 4 ds" "est qa" "aalt: 


d 
qs —— -5 a,(B?— $y"); gt = unde qa? = - ag + 78 -lay 


70° 15 75 
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E -1 — 2 iic + 2a Mi. EE 
ho "UB A 18 Baur 175 "y! 
4 a, 1 , 899 a,? 8? 2286 er 88a, 
+. —- —oDLn——I———üa—t-——. R 
b a, yẹ 175 a, yẹ 175 °y 50a, 


S ~ Ao + —4,-— — a a 
80^ 25,4 most "res HP 
- 2 R 48 1,86 1 
qs = 490° =" = qa" a tdi s 
Ys Ts 
qs = "0" = 
TABLE, II = SS 


Equinoetial values of the coefficients given in Table I witha, = 1, a, = 2'45 and 
a, = 9/4 together with Chapman's values with a, = 1, a, = 8, a, = 0/4. 
(a) (b) 


Present paper Chapman's Present Chapman 
=  ('000857 — . . = -0'C00714 — 
= 0'00875 — = .00275 = 
= — 000143 — = -0'0175 — 
= 0'122 O°O11 = (0885 , E — 
= —(0'0175 — 0°00857 = 00171 — - 
= 0'508 0 0962 ' = — 0'0258 — 0:022 
= U'00857 — = (0'488 ; " 030 
=-0'15 — = 0210 0'025 
= (049 — = —1'486 ' — (7226 
= 0'1714 — = — 0'257 — 
= — 2°05 — = 126 — 
= 5°88 — = —6'16 c 

= — 5:88 — 


The additional change in H variations was calculated for Huancayo and Alibag. 
It is observed that the contribution is very small and amounts to only about 10 per cent. 
cf that produced by the first term of, (1). Calculations were also mads for AH at neon 
during the equinoctial season for all values of longitudes at interval of 15° for the latitude 
circle of Huancayo. The results show that the contribution of the second term sf (1) is 
negligible. NES i - 

Other evidences in support of the above mentioned theoretical conclusion is not 
lacking. Chapman while discussing Walter's observations found that Walter has failed 
to get any such anomaly a Mombasa which is very near to the méan Uganda station. 
He has concluded that the anomalous behaviour does not confine t» the interequitorial 
region as was supposed by McNish. 

Thus the only factor through which the gesmagnetic contro] can be mtroduced in 
the Sq. variation is possibly the Ionospherie Conductivity. 

I am greatly indebted to Prof, S. K. Chakrabarty for suggesting the problem and 
for his constant interest and encouragement in the work. 
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Apperdiz A. 
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From g~s group:— 


In the coefficient of 


-3 115 872 
P, = 288a,a,-5, — ae E g uu 
Pye a 1 + Bëbee 1442, 


From g.7 group. 
In the coefficient of 


ZEE SQUE 115200, © + 288a a, 


Appendix B, 


From g, group:— 


H 


In the coefficient of P goes Bay? + _—_ J35 a Pyt- 
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From g, group :— 
In the coefficient of bi 1 aa 8 TEN 38° 
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E 9 1 288 1 176 184 > 900 - g7 
192 ] , 284 8638 - 
Kg 85 ja, Y + E tt — 24,79, a " 
From g., group :— poe 209 aids — 168 a a By? — 24a,4,8. 
5 y b 
g 9 384 
From g-s5 group p * = E E -+ KS dia, 
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A NOTE ON JEFFERY’S EX ACT SOLUTION OE STEADY 
TWO-DIMENSIONAL MOTION OF A 
VISCOUS LIQUID 


By 


LAKSHMI SANYAL, Calcutta. 
(Commtucated by Dr. S. Ghosh—Received March 29, 1954.) 


1. Jeffery (1915) has obtained an exact solution of the two-dimensional equations 
of motion of a viscous liquid by assuming that lines of equal vorlicities are harmonio 
curves, He has proved that this can only happen when the lines of equal vorticities are 
concentric circles. By following a more profound method Hamel (1917) has obtained 
another class of exact solutions by assuming that the stream lines are harmonic curves. 
As Jeffery has, in his demonstration, stated without proof an important result (communi- 
cated to him by Watson) and as very few exact solutions of two-demensional motion of a 
viscous liquid are known, it is not without interest to obtain Jeffery’s result by following 
the more fruitful method of Hamel. The object of the present note is to supply such a 
proof which is free from any assumption. 


2. Using curvilinear orthogonal coordinates 
C= £t = f(e) = ferm (1) 


Hamel has shown that the vorticity Q and stream function d satisfy the equations 





vA _ oy, (2) 2 
= ag, 9) ) 
BAW) Af, aY = Tarar 2f AAN. (a2 A ei A" 
a ayo =) Di EE 5 )+@+b jay] (B) 
where a = Blog Q/0£, b=—Alog Q/dy, Q = | dý/de f’ 
and K 
IA - x 3? 
A= ag On? 


The mean pressure at any point 1s given by 


P eer IM -2 ag + Shon) + ovas] (4) 
3. ‘Taking Q = F(£) 


and substituling in (2) we get 


OV RENE MCN (8) 
on ` H 
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assumming F’($)#0, that is, the vorticity is nob constant. Operating on both sides of 
(5) by A’ and substituting 


Ca 


Ay = 2F(£)[Q) 


we geb af1\_ v d2 f F"(£ f 
SEKR oF i UP = II, say, | (6) 
which gives on integration 
1/Q = nf(€) tot), (7) 


Since log Q is a plane harmonie function wo sea that f and g satisfy the three non- 


iinear equations 


f2- fi = 0, (8) 
2f'g' —fg" -gf = 9. (9) 
[ggg AU. (10) 
An integral of (8) is obtained as 
= Aerét 


Substituting in (9) we get the equation for g as 
g"—?2pg tp'g = 0 
which gives oe (B£4 Cher, 
Substituting for f and g in (10) we get 
A+B? = 0, 


Since f and g are real we have A = 0, B = 0; therefore the solutions of the equa- 
tions (8), (9), (10) are given by 


f=0, g= ce”, (11) 
Hence 1/Q = cet, a=—p, b = 0. 
Therefore t = —2/alog s, 


except in the degenerate case a = 0) 
This shows that lines of equal vorticities £ = constant are concentric circles. 
Since Q is a function of € alone, equation (6) gives 
FYI 5 DES E 
and the equation (5) gives 
y = —v(DE+ E) n h(B. : (19) 


As dh satisfies Hamel’s equation (3) 1n which b = 0, a= constant, we see that h 
satisfies the equation 
(DE+ BIV" +a(DE+ E)h” = h** + 2ah/" +a?h”, (18) 
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Finally 


vi? a? 4. a 
B +40? = Ynot [h t(a-E- D] « 7, |. ehhide. 


For the pressure to be eingle-valued, we must have 
k” --(a E -—Dg)h" = 0. 
À solution of (18) 18 given by 
h = c, te, c, exp[(I2 —a)£] +c, exp(— a£) 
when D -—0, Eta, 
h = c.c; tC? c c, exp( —a£) 
when D — 0, E =a and 
h = b, E b, b, exp(— a£) +b, f d£ f exp(—a£E f oxp DE)de 
when E -0, D+0. 
These are equivalent to Jeffery’s solution. 
DEPARTAMENT OF APPLIED MATHEMATICS, 
UNIVERSITY OOLLEGE OF SCIENOE, 
GALOUTTA. 
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“TWO-DIMENSIONAL BOUNDARY LAYER FLOW 
ALONG A WALL IN A CONVERGING CHANNEL. 
WITH CURVED BOUNDARIES 


By 
LAKSHMI SANYAL, Calcutta. 


(Communicated by Dr. S, Ghosh—Received March 29, 1954; 


Introduction. The only problem of two-dimensional boundary layer flow along a 
wall of a converging channel that has been treated so far is the problem in which the flow 
takes place between two converging straight walls. Pohlhausen (1921) bas given an exact 
solution of the boundary layer equations in this case by assuming thut the irrotational 
flow outside the boundary layer is the same as if there were a source cr a sink at the 
point towards which the walls converge. In the present paper the flow in the boundary 
layer in a converging channel with two circular boundaries, or with a circular and a 
straight boundary is considerel. It 18 assumed that when the boundaries are produced 
they touch each other. In this case the irrotational flow outside the boundary layer 
can be ecnsidered as due to a doublet of suitable strength and orientation at the point of 
contact. The boundary layer equations slong a circular boundary are deduced from the 
Stokes-Navier equations and the equation of continuity, As an exact solution of these 
equations can not be obtained the approximate method of Pohlhausen has been made 
use of to find the thickness of the boundary layer at any pomt of the wall. The boundary 
layer equations are at first integrated through the boundary layer and put in a form 
suitable for the application of the Pohlhausen method. 





Figure 1 


Boundary Layer Equations We consider the steady two-dimeusional motion of an 
incompressible visecus fluid m the converging channel formed by the two circular ares 
AB and A’B’ which when produced touch at O. Let OX be the common tangent at O. 
To consider the boundary layer on the wall AB we take the centre O’ of the arc AB as 
pole and the radius O’A through the.point A where the fluid enters the channel as the 
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initial line. Let the angle OO A = a. We assume that the fluid enters the channel at 
A tangentially to the arc AB. Let (r,6) be the polar coordinates of a point P of the 
fluid in the channel. To determine the steady two-dimensional irrotational flow in the 
channel, we observe that since the two circular arcs touching each other at O are stream 
lines the motion is the same as if there were a doublet at O with its axis along OX. 
The velocity at P due to this doublet is 2am/OP*. where a is the radius of the circular 
arc AB and m the quantity of fluid that flows between AB and XO in unit time. Hence 
the velocity in the irrotational flow at a point on AB is given by 


HS mj [2a sin*4(a— 6) | 
and the pressure is given by 
pje = constant — m?/[8a* sin*t (a — 0)]. 


‘Therefore lop _ _ m cot Ais — 6) (1) 
006. 4æ sintya- 0) 


If u, v be the components of velocity in the directions of r and 0, the equations ol 
motion in the boundary layer are (Goldstein, 1950, p. 104) 


Gu v õu v /— 1 Op zi TN 2) o 
Wa Se s A SE (2) 
yor nm On uv L Lon (v 2 Qu wé 
A +L Ee e et E 9 
"m T88 r erg Te o 8) 
where 2 2 
V r? ror? 90°? 


The equation of continuity 18 


The boundary conditions are 
u=0, v=Owhenr=4 


v = m/[2a sin? $(a—6}], 6v/Or = 0 when, r = a+8. (5) 
Assuming v, = O(1) the equation of continuity shows that u=0(8). Neglecting 
u/r in comparison with other terms the approximate equation of continuity is 
Ou, 1 Ov 
oF r 00 ix (6) 


The left hand side of equation (8) is atmost of order 1 while the greatest term in the 
second member on the right hand side of (8) is vd*v/dr?. Therefore if the motion is 
to be influenced by viscosity this term must be of on). But as 9v/Or? 18 of O(1/87), 
v must be of order 8°, or 8 = O{vf). 


The second equation of motion becomes therefore 


Ov, vOv. lOp, ov l 
"e" ag ` Taras” Ir (7) 
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Retaining only terms of OU) in the equation (2) we get 
2 1-5 

T (8) 


Therefore the variation of pressure throughout the boundary layer along a normal 
to the wall is of order § and may therefore be neglected. Equations (6) and (7) are the 
boundary layer equations of this problem, In (7), 9p/96 is to be replaced by the value 
given by (I). 

It seems unlikely that an exact solution of these equations could be obtained. We 
therefore follow the approximate method of Pohlhausen, which gives results in close 
agreement with experiment, when the flow is in the direction of the pressure gradient, 
as is the ca e here. 


Boundary Layer Momentum Integra}. To obtain the momentum integral in the 
boundary layer we integrate the equation (7) with respect to r between tho limita r = a 
and 7 = a+6, where à is the thickness of the boundary layer on it. We get on using 
the boundary conditions (5) 


a-1- 85 T3 i 7 ats 
J uet dr+ E 2 Pay y m cobk(a— 6) f 2r - (86) (9) 
d Or J r 60 4a? gin* Ate — 6) A. E OT /1—a 


Integrating the first integral on the left hand side by parts and using (5) and (6) 








we gei 
ars a+3 a+s atè 
Qv Su m f v Ou 
e jean = lp = ty) A 22 
J “ar T Bu a sin? pa g rears t J sait O 
ats- natè 
But (u), a =f oug =- f 3%, 
d Wreass J 3r i > r% i 


‘rom (6) ; so that (10) becomes 


ats 
m 18v f 'v8v,, 
TORIS. en -W4 

2a scc r00 J r” en 


Substituting in (9) and neglecting the variation of r within the boundary layer 
we get 


zur) &* [3 ^ 7 dorso ie 0) IT EE 


This is the required momentum integrab of the boundary layer. 


Application of the Pohlhausen Method. For the application of the Pohlhausen 
method we have to assume a plausible distribution of the velocity v satisfying the 
boundary conditions (5). If we take 


_ mon) 
P oS 1G) d 


where P(n) = 2n—n?, 1 = (r-a)/8 (14) 
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we see that v = 0 when 7 = 0 - 


m Qv 
~ 9a sin? 4(a— 60) On 


These are equivalent to the boundary conditions for v given in (5). This expression 


=0 when 7=1 


for v gives 
) 
Ov ` m n OP | 
SU es ges eh oco Eege 
88 Da sin? 4(a—6 alt el er | | 
(15) 
Ov ^m? [ n p OF ai 
— D EE 3 t — E er. ~ In E 
"00 emie Al ” Iu=0=7 * Br dë | 
Introducing the variable » given 2 (14) equati ın (12) becomes 
md ‘Ov, . 28 f! 8v m*8 cot Äis — 6) v £4 | 
oF sende " — ody ee dn X (8 16 
Da" sin! Ais — 8) , Sg eg WC Ae adt Ae — 0) 8 By /, o HS 


Substituting the values of — SR vs from (15) in this equat'on and observing that 


38’ Q0 
a) ) 1 
Ja ei d feed 2d 
[c Et ALL NE wea = a(t f en 
0 
NE mà | Jg 1 a f ) 
ger GG —6 dn+ =—{1— d 
SSES nen ee : "TT $6 j se 
: 1 dà f 
+2 cot 40-0) f dn- 1 È(1- f ean - cotka-0) | 
0 0 
vni 
= m —— c. H 
ad sin? $(a — 0) Ui 
Since 1 1 
] 92 [ i 
8 0 0 
the equation (17) becomes; after simplification 
CH ee ee (18) 


We introduce the non-dimensional variable 8, given by 


5. = d m » (19) 
vd ; 
The equation (18) reduces to i 
SH EE > . (20) 


age e 21 
or, mae /sin AL 2h sin!* 4 (a — 6) | ( ) 
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This equation when integrated under the condition 9, = 0 when 6 = 0 gives 


53 = 240 sin!? $(a — OMF [cot 4a — 0)] — F [eot Zoll (22) 
15 
where F(z) = e+ ;7 Bhat + bat eot alt Lata - (23) 


This gives tho thickness of the boundary layer as a function of 6. 


Numerical Results, Takıng the case of a channel where the liquid enters the 
channel at a point given by a = 30°, values of ô, have been calculated for values of 0 


ranging from 0° to 25°. The results of the calculation are given in Table I and are shown 
graphically in Fig 2. 
TABLE I 





Ü 3 Q 

in degrees 3 8° 90 
D 407 | "408 377 | 857 | 885 | 313 | '292 
: 15? 


in degrees 


al ee | | [mm 119 








5, i -190 | 1588 |` : i ; ; 
E eg 
b A 
0-4 
0:3 
0.2 
0-7 
0 5 10 15 20 25 


0 (in degrees) 


FIGURE 2 
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SOME RESULTS ON TOTAL INCLUSION FOR 
NORLUND SUMMABILITY 
By 


SoBHA DEBI, Calcutta, 
(Communicated by Dr. S. K Basu—Received January 11, 19541 


Introduction. The necessary and sufficient conditions for the inclusion of the 
regular Nórlund method (N, p,) corresponding to a given sequence (p,) by the regular 
method (N, qa) are wellknown [see Hardy, (1949) p. 67, Theorem 19]. In the present 
note the question of relative total inclusion* of a number of Nórlund methods for difforent 
sequences (p,) and (qn) has been considered. 


1. Two methods of summability A and B are said to be equivalent if each includes 
the other, i.e. for any sequence (8,4), A(s,)—>I + implies B(s,)—>l and conversely. A and B 
are said 65 be totally equivalent if each includes the other totally, i.e., A(s8,)—-l (finite 
or infinite) implies B(s,)—l and conversely. 


The Nórlund method of summability (N, pn) is defined by 


NP? (s) = ti —.Dn8o t Py BE see s + Po8s 
Pot Py tr. + Dy 
2 Pn-,8, (1) 
or, NP (s) = D EE 
n P. 


Where p, 24 0, Po >O and Pa = p, p p, ...... + Du: 


(1) can also be written as 


N'() = ty = Sdyy8, where dyy = Pam if ven, 
ve n 
and an, = 0 jun. 
The Cesàro method of order « > 0, denoted by (C, a) isa particular case of (N, p,} 
Be 


where p, -( H 
geg 


Regarding the inclusion of one Norlund method by the other the following result is 
wellknown: 


If (N, Pn) and (N, qn) are regular, then, in order that (N, qn) should include (N, pp), 
it is necessary and sufficient that 


| kol Pu+|k, ae. setl kaa pot] Es] DEE ef (2) 


* For definition see below. The quantities with which we are concerned are supposed to be real. 
1 Unless otherwise stated, lis finite, 
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where ig independent of n, and that 








" k,Í[Qu—0 a8 n— oo, . .. (8) 
k4'8 being defined by S gna” $ Qua” 
= Ti Ó 
P $ Lan a =" (4) 
em I Defi! X Paa” 
no nl 


where æ is small. 
We now prove the following theorem on total inclusion, 


Theorem 1. For the total inclusion of the (N, Pa) method by (N, gel in addition 
(2) and (3), it is necessary and sufficient that the k„'s as defined by (4) arc all positive. 


Proof. If N%(s) denotes the Norlund means for (N, qn), then we have tbe regular 
transformation 


Nei = Xc,,NT(s) where Cn, u id rh, and Cyr =O if rn. 
y xm () n 


(see Hardy, l.c., p. 67). 


Therefore, for total reguiarity c4, 2» 0 (see Hardy, p.58, Theorem 10) except for 
atmost a finite set of values of r. Since Pa's and Q,'s are all positive, we must have 


kn- >0 for r>A, a fixed positive integer. 
Now taking n =A, A+1, A *2,... ... ... ... 16 follows that 
bf r=0, 1, 2, ... 

Hence the result. 

As an application of Theorem 1, we easily have the following theorem, the corres- 
ponding result for finite limits being wellknown (Hardy, l.c., p. 67, Theorem 20). 

Theorem 2. If (N, qn) ts a regular Norlund method with q,f, then 8,—>00 (C, 1) 
implies. 84—oo (N, an). 

Our next theorem is 

Theorem 8. Two regular Nörlund methods (N, pa) and (N, qn) cannot be totally 
equivalent unless they are identical. 
[For a parallel result involving Hansdroff summability see Basu (1949), p. 452]. 

Proof. Suppose that (N, Gel and (N, qa) are totally equivalent. Then as (N, qda 


totally includes (N, py), kns, as defined in (4) are all positive, Again, when (N, Da) 
totally includes (N, Gel, l4's as defined by 








Spa e (æ small) (5) 


are all positive. 
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From (4) and (5), 
X kum, Š ia” = 1 
n=0 n=0 
This being an identity, equating the coefficients of like powers of z, w. have 
kl, = 1.. 
Therefore, ko¥0 and Lett. 
Again, kol, +k lo = 0, but k,#0, 1,450 and k,’s and l'a are ull positive. 
- Therefore, k= = 0: 
Since kalot E EU, = 0, therefore, k, = l, = 0, urguing as before. 


Proceeding in this way, we have 
hs md mme ls T 


4 


Honce ka — 14, = 0 for n LH. l 
(4) therefore reduces to ? 


ko 3 path = > dnt” 


n=0 
whence Rain = Qa. 


Thus when (N, Pn) and (N, gn) are totally equivalent, (pa) and (qn) are connected by 
a relation Pn = AQn for all n, A being a positive con-tunt; so that 


NB(s) = N4 (8). 
Hence (N, Pa) and (N, gn) are identical. _ 


Some writers take for convenience p, = qo = 1, then À = 1, and two sequences (Pa) 
are identical. 


An interesting particular case of the Norlund method -is tho method (N, cosh nt) 
which includes (C, a) for « > 0. [Hill (1945), p. 94—98]. 


We shall prove the following Theorem in this connection. 
Theorem & (N, cosh nt) does not totally include (C, a) for a > 1:56. 
Proof. With the notations of Theorem 1, here we take 


n+ta-ly 
Pa = ( i ) and qn = cosh nt. 
a—1 


Then as in (4), we have 1n this case 


a ao ZI e 
A RU. E )an = > z" cosh ni, 


f sat ji = C= n=0 


where z is small. 
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This being an identity, equating the coefficients of like powers of z, 


" a ) 7 a— 1 T 
d + eu = cosh 


oi : kı = cosh1—2« 
As cosh 1 < 1'55, 
Therefore, . k < lb5-—a. 
Hence k, <0 for a > 1'55. 


Therefore, by Theorem 1, (N, cosh nt) does not totally include (C, a) for a > 1.55. 


Hence the result. 


The question whether (N, cosh nt) totally includes (C, 4) for O<a< 1'55 still re- 


mains open. 


a) R ` 5 
2. Given the series X a, for which 8, = Xa,, the discontinuous Riesz means of 
n=0 yam () 
order « > 0 are given by 


Ry ="3 (1—k/n)say, [Agnew (1088), p. 502] — 6) 


In case H,—l, the $ 44 18 said to be summable (R, n, æ) tol. Itis wellknown 


ne) 
that forO< « < 1, (C, a) and (E, n, a) are equivalent (Agnew, l.c., p. 588): The question 
then naturally arises as to whether (E, n, a) totally includes (C, a) tor 0 < a <1 and vice 
versa. In this connection the following theorem will be proved. 


Theorem B. (R, n, a) does not totally include (C, a) t rO «« « 1, 
Proof. (6) can be written as 


SECH ln -10* — (n — k —1)*} as, 


wm () n? 


so that (R, n, al is the Notlund method with d, — (n-- 1)» —n* and we have 
n-1 
„2 9n-%-18% 
BR, = N 1 (g) = NEC where Qn~k-1 = (n —k) — (n—k —1» 


and Q«4-; = Got d, t -..... t Qna-;. 
Now with the notations of (4), 


o o nta-Il oo 
k "n. ) "n = a. a H 
E a E a—] = ae 2 N) " ie ; 


where x is small, 
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This being an identity, equating the coefficients of like powers of x, 


—] 
k, * 1) dp ) = 2-1 
Ki T Axel 


or, atk, = 2—1 
whence k, —29—1-—2. 


Therefore, kı «20, since 2° < 1+a for 0 «« « 1 [Hardy, Littlew od, Polya (1984), 
p.40]. Hence by Theorem 1, (E, n, a) does not totally include (C a) for 0 <a « 1. 


The question whether (C, al totally includes (R, n, a) for O <a «1 still remains 
open, 





8. Let b 
a 9,8, 
n =7 (n = 0, 1, 2, no... ) (7) 
log n 
where p, = 1/(v+1). 


In ease £4—-l, the series S a. ig said to be summable by the logarithmic mean 
n=O 


method L (Hardy, l.c., p. 59). 


Again, let ^ 
: È p», 


Un = P (8) 
n 





where P, = p, pi +... +p, and p,'s having the same significances as before, 


In case U,—>l, the series Sa, is said to be summable by (N. iL.) method (see 
n+ 
Hardy, l.c., p. 59). 
We shall now prove the following theorem, 


Theorem 6, The methods (7, 1.) and. L are totally equivalent, 
n 


Proof. From (7), " 
ta logn = X p,s, 


v0 


and from (8), _3 
u n = vr 
nP Ar 


Thererfore, tn log n = UgDy, 


or, In = Un 





log n 
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Now 1+4+4+...... +i/n—log n—>y, a constant, 
bot 1+$+4t...... +1f/n 7 
logn . 


It follows from (9) that as t,—>! (finite or infinite) u„—>l and conversely (the case for 
l finite is aleady known). 


Thus the theorem is proved. 


e e fia E nd 
Tt is known that each of the methods, the ( N, L) method and the logarithmic 


mean method, is stronger than (C, 1) for finite limits (Hardy, l.c., p. 59). It is natural to 
ask whether this result is true even when the limit is infinite. ‘hus our last theorem is 


the following. 
Theorem 7. Both the methods, the (x, lj method and the logarithmic 


mean method, are stronger than (C, 1) for infinite limits. 


Proof. In view of theorem 6, it 18 sufficient to consider either of the methods. 


We, therefore, take up the case for the (N, i) method. 3 
e 2 p 
. From (8), Un = 30,3, where am =“ if vem, 
v-0 Ps E 
and Gay = 0 if von. : - 
--. As Teen. Et ) = 
- n n+ 1 H 3 J H J 
therefcre (n A 1001 -nC}_, taking O_,=0. 
Now Ug = X Any fhv + UO -rC } 
ve ` x 
j / 
= X (v 1)C (an, —45, 1) 
y= : 
Or, Un = À bn, C é 6. (10) 
where ba, = (v+1) (an, — Gn, 41) 


The transformation (10) is regular. For total regularity we must have bn, >> 0 for 
v>r, a fixed positive integer. 


— — — t a 


Now ba, = (v 1) (an, An.) > U for all v. 
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Since (Qn, — 44, 41) > D for all v. 


Hence the (8, L) method totally includes (C, 1). This proves the theorem. 


Finally, I am grateful to Dr. S. K. Basu for his valuable suggestion and help in the 
preparation of this note. 
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AXISYMMETRIC FLOW IN PERFECT FLUID—I 


MOTION ABOUT A SPHERIOD AND CIRCULAR DIso. 


By 
B. S. Fapnis, Kharagpur, West Bengal 


(Communicated by Prot B R Seth —Reeerwed November 19, 1933) 


1. Introduction. Taylor (1922) has discussed the motion of a perfect fluid past a 
sphere, held at rest, when the fluid at infinity rotates with a uniform angular velocity Q, 
about an axis through the centre of the sphere and moves with a velocity U, parallel to 
the axis. Nigam /(1953) has shown that the problem ean als) be worked out when the 
sphere is replaced by any other body of revolution, In this paper we have worked out 
{his problem ior a spheroid and deduced the flow for a circular disc as a limiting case of 
an oblate spheroid. 


Ü 
The equations governing the motion of perfect mcompressible fluid are (Goldstein, 
1938) 


ON 


ot 


, Vi 
-Yxo=- grad (Pje+F + X) (1) 


dv ¥ =0 (2) 


In what follows a, 8 denote the general orthogonal curvilinear coordinates in the meridian 
plane and y the azimuthal angle; h,, ha, h, denote the elements of lengths in the directions: 
ofa 8, Y increasing respectively, 2, in additiowrepresents the distance of any point from 
the axis of rotation, u, v,w denote the components of velocity vector V in. the direction 
‚U are the components of the vorticity vector e. The 
motion being symmetrical about an axis all quantities are independent of the azimuthal 


of a, B, 1 increasing and E, 7’ 





angle y. 
Equation (2) can be written as 
Stn, cae SCH h,v) = 0 (8} 
We introduce Stokes’ stream function d such that l 
= l Ow = —. I D w= o 4 
rn ea h = 


With these values of u, v, w, components of vorticity are given by 


End 1 on’ m aem 1 90’ er a l pa (5) 
& "bh, og ' 1 hh, Ox ' S h, d 


| hs [1/ h, an. ach, 2 
ee) 
SES hh, l@a\h,h, Oa! bh, 68 ) 
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The third component of the vector equation of vorticity is 


8 (pry) + 20, Oita) _ 1 o, D'), DY S, hg, o 





F 


hh,h, O(a,8) Ayhyh, Ole, B)  h,h,h,? 3(a. B) 








The third esmponent of the vector equation of motion is 


oo _ 1 On) _ 0 3 
OU hhh, O(a, B) (8) 





For any body of revolution the above equations can be simplified in the following 
manner (Nigam, 1953). If 





hw = Q’ = Ky, [Yo] = h0,/K l (9) 
Equation (8) is satisfied and (7) reduces to 
D (y 0. 10} 
Dt \h hy] ý - Së 
? K? 
or i-a HD (11) 
' ~ 3 
Substituting for (’, the equation for y is 
(D? + Kid = +KQ,h,? (12) 
whence p= EIN (13) 
where d, and d are the appropriate solutions of 
(D? + Ki = 0 (14) 
For a sphere Tuylor gets 
= Usa sin*6 +A] cos (Ko +e) — Sin (ke +e) |, K = 22 115) 
2 Ko U; 


As perfeot fluid slips along the boundary of the solid, Taylor imposes only one 
boundary condition, namely that the normal velocity is zero cn r =a. This also makes 
w = (0onr = a and leaves the problem indeterminate, Taylor thinks that this indeter 
minacy arises because of the possibility of starting the molion in an infinite number of 
ways. 


Taylor has further shown that it is possible to find out solutions in which 
u=v=w=0onr=.a, These would correspond to the motion in which there ig no slip- 
ping between the fluid and the surface of the sphere. In the ordinary irrotational motion 
of a perfect tl iid past a solid body 16 is not possible to satisfy the condition of the zero slip 
on the surface of the body. This assumption of slipping between the surface of the 
solid body and a perfect fluid vitiates all the hydrodynamical theories of the motion of 
solids in real fluids. Taylor is therefore inclined to think that the solutions which 
represent the motion of fluid rotating and moving uniformly at infinity past a sphere and 
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give zero slip on its surface might approximate more closely to reality than the ordinary 
irrotational solutions representing the motion of fluid pasta sphere in which we allow 
for slip. 


As in the case of the sphere we get an infinite number of possible motions round 
the spheroid held at rest in a stream of liquid uniformly rotating and moving at infinity. 
We further show-that it is possible tə satisfy the condition u = v = w = 0 on the surface, 
and the condition of uniform flow and rotation at infinity, The notation used by 
Stratton-Morse-Chu-Hunter (1941) is used EE this paper, 


2. Prolate Spherold. For a prolate spheroid we introduce the system of EES 
coordinates defined by 


g+ir = C cosh (a+18); e = y (16) 
where r, 2, are the cylindrical coordinates in the meridian plane and y is the azimuth. 


We then have h, = h, = O (cosh!a — cos?8)*, h,= C sinh« sing and 


E 24. 
D? a. I + Eu e Ss See xl 
Equation (14) then yields 
A H — cotha o cot S +K O (cosh* a — Cog ail y = 0. (17) 
dr teg Qa. Op 
Putting y = C sinha sing B(B)R(a) ; cosh a = €, cos g = q 


equation (17) separates into the two following equations. 





dt 2/12..2 — 
Zi + ek C mer Bee (18) 
d sma_ 1 E 
ze -) & e roe ZE (19) 


where A is the constant of separation. Equation (18) and (19) are identical with the equa- 
tion (K) and (L) (Stretton et al., Le, p. 62) which arise in the discussion of the prolate sphe- 
roidal functions. Equations (K) and (L) contain a third paramater m and have solutions for 
suitably related values of the parameter in series of Associated Legendre’s Polynomials or 
Bessel functions of half order. In our case m has value unity. Thus for various charac- 
teristic values of A there are ‘angular solutions’ gi? of (18) which are finite throughout 
the range —1 < n < 1 dnl are expressed as infinite series of Associated Legendre's poly- 
nomials in the form 


Le 


SS o, x) SH d PO. (m) (20) 
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where the prime indicates summation over even or odd values of n, according as Ì is- evel 
or odd. For radial solutions which are denoted by RẸ (KCE) and Ry (KC EI where 


Y 
(p xo) Sud, (82) Tes (EC E 


RONCE £) = ———— — MÀ (21) 
S d {n+ D(n +2) 
need, 1 





1... ( i+1 ) 
— sin( KO£— —— n 
K C£300 DU E 2 


os, À 
= N l+n-+4 1 2 Toae : KC 
D (£* —1) d xvj E d D + 1) (a + 2) af é) 
Ri (KC £) eee aaa SEN lo dee a a ae Aes O 
| S d! (n1) +2) 

now, 1 








(22) 


it 


—— -— 5 cos (KCE- a) 


KCE> œ KC£ 
The summation of these radial solutions are from n =Q or 1 to n = co. The 
complete solution of the equation (14) is therefore 


y= + om sinh?a sin?8 + C sinha eng > [AR + BiR?) 92 (23) 


8. Expressions f.r the velocity components. On the surface of the spheroid 


where a = a, we have 





——-— m GC c 
u = ho or 5g (24) 
qe usd or Y —0 (25) 


The condition dass D on «a =a,; makes the spheroid a streamline. This therefore 
satisfies the condition of zero normal velocity (S = 0) on the boundary. If +U, is the 


velocity of the fluid at infinity we find 


+ 
hh, l K 





[+ CU, sinha cosh | = | 1 20, C? sinha sing cos 


i 


{ 
+ C cosp sinha È (A Eip + BR) Ss + C sing sinha Z AR BR SS] (21) 
za) and 


Putting « = eo equation (26) gives K = m 
0 
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. Making use of the condition (25) we get 
Q a 
tC sinha, sing -»(u RY? + B RO jet? 
i=0 


Multiplying both sides by Si and integrating with respect to 8 between 0 tom, 
from the orthogonal property of SÍ? we have 


ARI? :B,R(p- 8 =F C inba, Ty (27) 
where Ty 1s zero for odd values of l and has the value 
2(d,l)* (n + 1)(n +2) 
4/3)d! / bx ni) 
Sek wë, "ai — (28) 


when lis even Any values of A, and B; which satisfy (27) lead to the possible solutions 
of the problem. However ıf we further impose the condition of no slip on the surface of 
the spheroid both the constants become determinate and give a unique solution. This 


makes oe = D ona = ae, Making use of this condition we geb 
H. 


2, o sinha, cosha, sing e | 4:( cosha, RÉP + sinha, Ri’) 


am P a “Fas 


Se 


+ B,(cosb a) RY’ + sinh a, RP) si? 
where a dash denotes differentiation with respect to o Multiplying both sides by SÍ? and 
integraling between the limits 0 to m, with respect to 8 and making use of the orthogonal 


property of Sij we have 


Au] cosha, RO) +sinha, Ri |+ Bif coshe, RY + sinha, II | 

pce a 7 88 a as TAGE 

= 2 C cosha, sinha, Ty (29) 

where Di is zero when l ıs odd and has the value given by (28) when l is even. From 

equation (27) and (29) it therefore follows that Ar, B; vanish for odd values of | and the 

infinite series vf radial solutions contains terms having only even auflixes ın l. Solving 
equations (27) and (29) for even values of l, we have 


-Ge CT? sinha, EI — osha, R? } 


GO ara 


A=— p? pU RD gU i (30) 


il il HI i 


QD , (1) , (1) 
Dronen, RO — sinha, PU 


(2) ‚2 dÉ GE 
BT By Kai Mu H^ 


a™ £o ous aay ae 
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Using the values of A;, Bı, the expressions for the velocity components can be found 
from (28) and (4). As a limiting case when a, = 0 making use of the special values of the 
prolate spheroidal functions given in (Stratton etai., lc., p. 68) we have from the equa- 
tions (27) and (29) 

: 3 RAP 
= 60, Tél rä 
K?z4d,! (1/2) 1 


and the straam function becomes 








"TR dur EUN OD Tr Ed Gg 
y = C? sinh’c sin?8 + C sinh e "d ar DE Ri Si 


This represents the flow due to a fluid rotating and moving at infinity past a pressure 
lino stretched between the points—C to C along the axis of the rotating fluid. In the limi- 
ting case when C = 0 this corresponds to the flow of fluid rotating and moving at infinity 
past a pressure point of its axis, Then becomes wv = 4U, o* sin*0 + sın?dot pr J'ajs( Ko). 
This agrees with the r sult found by Taylor. 


4. Oblate spheroid, For an oblate spheroid we introduce the system of coordinates 





defined by 
g+ir = G sinh (+78), e — Y (38) 
We then get h, = ha = C (ainh*a-- co3?8)*, h, = C cosha sing 
1 SN SR 9 d 
Dt ze [5 E, wel u] 
Kerg on a a as 
Equation (14) then yields 
2 E — tanh a.c cota + 3C (sinhta + cos? )|¥ = = 0 (84) 
Putting y = C coshe« eng rufen, sinha = £, cosh = y (85) 
equation (84) separates into the two following equations 
zm ES + [A-R 2 Is = 0 (36) 
n — l 
4 (ea -» £2 «peces al^? (87) 
dé dt Pal 


where A is the constant of separation. Equation (86) can be obtained from (18) by 
changing KC to iKC. The equation (87) can be obtained from (19) by changing KC to iKC 
and to —i£. Therefore the solutions of the equations (86) and (87) can be obtained 
from those of the equations (18), (19) by changing KC to —1KC and £ to if. Thus the 


angular solution is given by SCH -iKC, ») SE Lo (ol and the radial solution is 
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^ D i H à 
(1+ eara) > SC dE EE 





RO KC, if) ——— en 
$ fn 1)(n42 
nw0,1 
e b dnd reti (88) 
Kf. KOE 2 


t 
(1+ Pts) > geni + Dn -2)J sm K C£) 
D ND qiias eee esee Ce eee 
il d 
> fi(n+ij(n +2) 





H9 


en COS (xcg- 15) 


— — — i 
é = sinha (39) 
The complete solution of (14) ıs 
Y= P C? cosh?s sin?8 + C cosha sing $ |n? 4 B, RS | St (40) 


8. Expressions for the velocity components. lf —U, is ths velocity of the fluid 
at infinity, we find 
C U, cosha cosß | =| 1 {200 2 nosh? 
[ MU RR = (Se «X D Gogh" 81n8 cos 


Lë? 


+C cosh a cos 8 $us? +B; R | e 





am OD 


+C cosh a sin 8 EL + BR, | 9 s? H : 
ec T 


op y 
Putting o z eo we get K = zd ; 
0 
From the condition (25) we have 
0 C cosh, snp = S Aii! +B Ry Isi (41) 
(ep a Ks oa, 


Multiplying both sides again by B and ınlegrating between the limits 0 to w with 


respect to 8 and using the orthogonal property of S we get 


P. C cosha, Ty’ = Ain +B, RY (42, 


a ay m WP aa 


4--1908P —3. 
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where T; vanishes when lis odd and has the value 


(4/8)f, Joos (n -- 1) (n 2: | (48) 


sent) (2n-8) ` 





when 7 is even. Any values of A;, B; which satisfy (42) lead to the possible solutions of 
the problem. If we further impose the condilion of no slip on the surface a = a, the 
constants become determinate and give a unique solution, ‘This makes Glo = 0 on 
a = 9, Making use of this condition we have 


C cosha, sinhe, sing = 2 |^ (sinh7, po +coshy, p 4 


ow ab oe 


Bi(sinha, n t cosha, Ful ge 


where a dash denotes differentiation with respect fo a Multiplying both sides by Si; and 
integrating between the limits O to m with respect to 8 and using the orthogonal property 


of st we have 





E C coshe, sinha, Tí = A, (ainba, m + cosha, E 


am ay aa, 


+ Bı (sinha, RE +coshz, Ri”) — (44) 


ara, ama, 


Solving equations (42) and (44) for even values of 


ROT ei, Ry — cosha, Ré? 
Ai nn (45) 


We (2) m) 
Ru Ru -Rı Ry 


acta, OE the Ay,  Q770, 


Q AJ, ) ; 
FOOTY sinb7, Ri — eosha, R] 


^ pi m p pü) 
hu P, - Ry Bi 


Oks ty 07 Oe Ce P aa, 


B, = (46; 


Using these values of A; and B; the expressions for the velocity components can be 
found from (40) and (4). 


|. 6. Ciroular Diso, Circular disc 18 the limiting form of an oblate spheroid for 
which £, in zero. Putting & = sinha, = Dm equations (48) and (44) and making use 
of the special values given in (Stratton et al., Le, p. 70-71) we get Bj = 0 


Ar = 20 T//Ry) (-ıKC, 0) (47) 
where RY (RO ea OR (48) 


2(8/2)! 2. iL (n + 1)(n +2) 
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It iè interesting to note that in the case of the circular disc only one set of constants 
satisfies the conditions u = w = 0 and also the condition v = O on £, = 0, 


- 


The stream function 18 given by 


y= = C? cosh?’« sin*8 + C cosha sing Y RS (49) 


where k = 20,/U, 





T Ze, 
(t Dar C a) 2H (n D(n--2)J nsl KCE) 





RO = 
M a 
>’ (n-- 1)(n +2) 


CET 


= sinhe 
and C 1s the radius of the disc. 


7. Conclusions:  Procecding to the limit when C — 0 and £, = oe such that 


CE = o itis readily observed that 8 (KC, cos 8) > p (cos 6) 


Ar Ry? (KOE) > — Ai (Ko) 
By, Ry (KC) — Bd ., gg (Ke) 


If the conditions u = v = w = 0 are now satisfied all Ay and Bry vanish except 
when lis zero. In this case 
= T at [2aJ an (Ka) -8J wes (Ka) 


^v = al -ag(Ka) — J -ap( Ka) (Ka) e 


" eg at [80 yo(Ka) — 2a J' as (Ka) 


= ST 51 
o = TRI yal Ka) al Kad ap (Ka) en 

and the stream function is given by 
y = E ef sin?0 + ot sin?6[ A’ Ja (Ka) + B’ J amlball (52) 


This is "Taylor's solution of the flow of fluid rotating and moving at infinity past a 
sphere held at rest within it. Further putting C = 0 and È = co such that CE = oiv 


(2) 4 a0) = 
y= X C? sinh*s sin?8 + C sinh sing 2, [Ar B +B, Ri ] Bu (53) 


it reduces to 


, (1) 
y = o! sin? + ot sin!6 S (Aral Bel + Dei -1 al Ko Pr, ‚cos 0 (54) 
im D 
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where g, 0, 9 are the spherical polar coordinates of any point. Equation (54) is Long’s 
generulisation of Taylor's solution. 


I thank Dr. S, D. Nigam for suggesting this problem to me and for his kind interest 
in the preparation of this paper. 
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STRESS DISTRIBUTIONS IN A THIN PLATE AROUND 
A HOLE IN THE FORM OF A LOOP. OE 
LEMNISCATE OF BERNOULLI 


By 
A. M. BzNGUPTA, Sibpur, Howrah. 


(Received—March 15, 1904.) 


Introduction. Following a method developed by Sen (1948), problems of stress 
distributions in a thin plate around a hole in the form of a loop of Lemniscate of 
Bernoulli have been solved in this paper, it being assumed that the plate is under either 
a uniform shear ‘8’ or a uniform tension T parallel to the z-axis at large distances from 
the hole. The method consists of expressing the stresses explicitly in terms of some 
plane harmonic functions, such that the proper choice of any one of them leads to the 
complete solution of the problem. 


4. Form of the boundary and the expressions for the stress components. Let us 

consider the transformation given by 
a? = 0 (1 + eX) ; (1.1) 
where c is a real constant, 2 = tu and C= € Td. 

It can be easily verified that the curve £ = 0 is a lemniseate of Bernoulli of which 
the polar equation is 
r? = 20? cos 20. 

We shall consider the boundary ot the hole to be a loop of the lemniscate which 
encloses the region 

-— 00 zes 0 and -—ir ? im. 
In this case, we have  .. - Pd : 


oc SÉ credit E d e 
Be 22) ie (1+ et€+2e% cog 2m) — . v 4 m 
ond ; r? = x + jy? = GO -+ e*€ + 26*€ cos 23)t i (1.8) 


Assuming the plate to be m a state of SE plane stress, we have,-in the 
absence of body forces, the mean stresses 73 qm and Ce SE the equations ot 
equilibrium and compatibility as given by [cf. Sen, 1948] 

e BFE _ Or OQ. or. BO, 4@ = 
m m OL 7 —. tua +F male 
M T Oa Ba m EE 
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Bun _ 0? 09 äu 909,40 , : 
MEET A 7 un 
87 ar ap pe ap 

Mm” BSE Of Se "D (1.6) 


where © = ze+yy= EE + am (a plane harmonie. function) and F und G are conjugate 
harmonic functions to be determined. 


In the present case for the boundary € = 0, we have 


ar? ) n ( or? ) 
E4208 4.4. — = — Ze? gn. 
E pels d On dans C Snn 

(1.7) 





6 ) c? 
and — REN 
bien 20087, j 


2. Solution for a uniform shear S at large distances from the hole. Suppose the 
plate i8 subject to a uniform shear S at large distances from the hole, parallel to the x 


and y axes 


In this case we shall have 


(era = [2 si ej .. 
(inlere = | -2 sw... (2.1) 


ee = [5 -GD 1]. 


In the equation (1.4)—(1.6) we put F = F, +F, and G = G,+G, such that 


F +iG = -85(&) (2.2) 
1 1 at 
and (F,h*) s =O and (G,h') s = 0 (2.8) 


It is evident that if the contributions of all terms other than F, and G, on the 
right hand sides of (1.4) — (1.6) be zero, at large distances [rom the hole, then the stresses 
ab infinity as given in (2.1) are obtained from the ussumption (2.2). 


On the boundary £ = 0, we have 


48c' si ! 48c? cos 3 
(Än = 40” sin 8y , (Geom — 180” cos 3 (2.4) 
COS COST 
, We assume © = Áe-tsin y + Be” sin 8y (2.5) 


where A and B aro real constants to be determined. 
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Then substituting the above value of (9 into equations (1.4) and (1.6) and -using 
the results (1.7) and (2.4), we obtain from the conditions 


es 2 (rap nO ` and (Én)g o = 0 
the relations 


(Fa)eso cosn = —[48--5B]c? sin Ba — (8B + 24)c? sin 
£ n 


t (2.6) 
(Ga)é=0 cos-n = [48 —8B ]c? cos 84 —(8B +2A)c? cos 7 
Obvious expressions for F, and G, will be given by 
F,+1G, = 219679 = 2iQe-3(cos 2n —1 sin Zn) (2.7) 


where Q is a real constant to be determined, 


Substituting the values of (F,)¢—9 and (G,)e=o from (2.7) into (2.6) and equating the 
coefficients of c ısınes and sines of like multiples of » on both sides of it, we get, a set of 
equations to determine the unknown constants, Thus 


Q=168c?, A=-28, B=-48. (2.8) 
Hence, ©, F and G are known and the Ed are completely determined. 
On the boundary of the hole, we have ~ 
(in)eno = [O]aeo = —928(sin 4 +2 sin 31) 


At the node of the loop where n = +47, this stress component has the value +28 
While at the flat end where q = 0, it vanishes. 


3. Solution for a uniform tension T parallel to the x-axis at large distances from 
the hole. Suppcse that a uniform tension T ıs applied to the plate at infinity parallel to 
the x-axis Stress components at infinity, in this case, will be represented by 


N, 


obt. Iw 
(25 = Se), - 


Let us now pub (9 = 9,--(9,, F= F,+F, and G = G,+G,, such that | 
©, =f, page: Z E 

at 
[Osler = 0, [FA] 6o = 0, [G,h* ] es =(, 


Then the contributions of all terms excepting those of F » G, and (9, being zero at 
infinity, the above assumptions will give the stresses, at large distances from the hole. 


(8.2) 
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In the present case, we have 


i; QTc} sin 8 EN 
[File—o == 2Tc* cos 9n. (OG. leen = oa SI M (3.4) 
cos 7 t COB 7 
We assume 
©, = Te”? cos An + Be-* cos än, 
go that © = Q9, ©, = T[1 +867% cos 25] + Be~* cos 3, (8.4) 


where B is & real constant to be determined. 
Substituting this value of © into (1:4) and (1.6) and using the results (1.7) and (8.3) 
we obtain from the conditions [££] ¿=0 and [&n] £20 = 0, the relations 
[F,]e=o cos n = —8Bc? cos 4 —47c7(1 + cos 2n) — (5B + 2T)c* cos 8 \ ` 
[Gile = 00084 = 8Bc? sin n +27 c? sin 2 + (8B —2T)c* sin 8y. ] E 
If we assume 


9P 
1+e% 





F,+iG, = + Qel + Re-t—2Me-N, (8.6) 


where P, Q, R, M are real constants, we find < 
[F,]e=ocosn = P cos y+4(Q GIL cos 22) ~ M(cos 8y + cos n) | 
i (8.7) 
[G ]e=0 cos 7 = — P sin x +4(Q — E) sin 2y + M (sin Do +sin n) 
Equating the coefficients of sines and cosines of like multiples of in the expressions 


(8.5) and (8.7), we find 


B=-2T,. P=—-2Tc?, Q = -2To? 
]ooc€ 


R=-67c?, M — —8Tc*. 
The unknown constants being determined all stress components are completely 
known from (1.4)—(1.6), 
On the boundary of the hole, we have EE 
[najemor= [@]eso = T[1 + cos 2y —2 cos 37] (8.0) 
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ON THE JUMP OF A FUNCTION AND ITS-FOURIER 
CO-EFFICIENTS. - 
Bv | | 
R. MOoHANTx AND M. NANDA Cuttack, India. 


(Received -- October 28, 1968.) 
1. Let f(t) be integrable L in (— r; r) and periodic with period 2z, and let 
fit) — ia, S (an cos ni + b, sin nt) = Ja,+ S And). (1.1) 
1 : I 


‘Then the conjugate series of (1.1) att = x ig 


ao 


> (bs COS nz—d4,g8nnz) = S Bien. . "EUN 
: n = 

We write 

dlt) = f(w~+t)—f(x—t), y(t) = fla +t)—f(«—t)—d(z), where d(z) is finite, (1.3) 


and 


Ku = | yiu) | du, 
0 


The object of the present note is to prove 


Theorem 1. I} 
8 
| Ho KEHA atao (1.4) 
h 





t t+h 


for some fixed à, when h— 0, then the sequence {nB,(x)} is summable (C, 1) to d(z)/r. 


' - Iris known that the conclusion of Theorem 1 remains vaid if (1.4) is replaced by 
one of the following : 


(a) w(t) is of bounded variation (Zygmund, 1935, p. 62, ex. 10) * 


t 
(b) y(t) = i | y(u) du is of bounded variation in (0, m). ** 
0 
2. Gergen (1980) has shown that condition (1.4) implies 


t+0 


1 f 
lim : Jy(u)] du = 0, *** (2.1) 
0 





* In thia case the sequence InB,(r)) 18 summable (C, r) to d(x)/=, forr positive. This is analugous to 
Jordan's test for the convergence of Fourier Series and was given by Fe;ér (1913). 
** This 13 the case a—1 of a result due to H C. Chow (1942), and is analogous to de la Valld3-Poussin’s test 
for the convergence of Fourier Series. Theorem 1 of the present note corresponds to Irebesgue's teat. 
*** Condit.on (2 1) alone ımphes the summability (C, 14-3), 8. positive of the sequence (ah, (oi) to diz;/». 
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so that in view of (1.4), we shall assume in what follows that condition (% 1) is also 
satisfied. 


. We are to prove that 


Sr B,.(z)—4(z)])* 88 no. 
1 


Writing e 
t„(@) = *rB,(x), we have 
1 
tein 21 EIER 
| 0 
where gin, t) E S rsn ri. 
n l 


Denoting for. t) dt by Ay, we have 
0 


M -- X —-(-1)] = 1-o(l) as n—o. 
1 


Therefore ta(z) /n A, d(z)/ s = ; J ter —f(z —t) — d(z)t a(n, t) dt 


"2 f Y(t) g(n, t) dt 


Thus t„(a)/n- d(x)/r = ` f W(t) g(n t) dt+o(1) 
I 0 l ie 
.= J, +o(1)}, say. (2.2 
1d 
We have gin, t) GE SÄI + cos t+cos 2t+...+cosntl 





ER E Zu 
n dtl 9sinit 


_ 1 sin (n+4)t cos $t _nt4 cos (ntt 
4n sin? At Ü$2n singt 


Let J = f éis, t) dt =f El = J,+d,, say, where 7 = zn. . (2.8) 
0 0 hc 


Now ann Sn Dcos 4t =2(n +3) cos (n-e Ut sin Ht 
dez. E An sin? $t 
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By replacing the sines aud cosines in the numerator of the abəvə fraction by their respec- 
tive power series expansions ibis easy to see that, for O<t< r/n, the numerator is 
Otn?t?^[ 17), and hence 





g(n, t) 2 O(n't). (2.4) 
meine (2.1) and (2.4) we find 
d gi dgl, t) dt = f o«t)O(n*t) dt = o(1).. (2.8) 
0 
» zs sin (n +$)t cost n+4cos (n +4) i 
xs huj Rr An sin‘ Ai 2n s'n 4t ja 
= P—Q, say. (2.6) 
| fr 
Now Pl zs f Vie ae urn cos dt d 
EN n sin“ 4t 


SCH | (t) | 5, 
= in : sin ut 











= o(1) + OXI /n) i ol dt = o(1). (2.7) 
h- 
Hence u PI = o(l), 
A =t f ye eser mta 
gam e "nv we) 2 gin At 
| nti R, say, (2.8) 
í soa nt cos $t . gin | nl sin 4t 
hor Koe N EE x cin nf ain at} dt 
u oc ~OQsingt ` 2 sin 4t 


jv V(t eot 4t cos nt dt — "TA Wit) sin nt dt 


xin 


=f y(t) {cot 41 — dE Zu) cos nt dt — if w(t) sin nt dt 


sin zin 
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8 he. <i " 
=f V eos nt its | 2 cos ntdt+ f Y(t) {cot 4¢-2/theos nt dt 
e ein 


ifm 
i Vif) «im nt df 


-jn 


The last three integrals ubove tend tu zero 





where 8 is u ecnstant such that win < ô < a 
as n—»oo, Heuce we get 
? dm) 
H = d SC cos nt dt + oth) 
sjn 
Jr ín 6- x] 6-F sin 
wi) cosntdt+ | ee cos nt di — | ES cos nt dt 4+ oul) 
n/t 2-[u A 
Rajn Ze, ! Chen ] 
=| vit) cos nt di — Y+ myn) ni di — | E eek nt dt oil! 
m SES ie t+rjn ? t 
Therefore 
& 
Zu) ve EC og. ni dt toi? 


7 


Sein kein 
9R = J PU J be nt di— J KEN ine nt di c f LAS H 
A i m t t-+r/n) 


= R- RAR, +0o(1), sav. . 
Now obviously l (2.9) 


Also, by (2 1), we bave 


-jn _ la 

jm v(t + mn), i dt + Ut +; Be 
i "Wie OOU S) rajn i 
2z]n T 
=f MET n f YD dt, whee ain <r < Jann 
sis i d "win SEN 
n aun 
u - W(t) [dt = o(1) 
z = n 
(i 
Thus H, = o(1! E (2 10: 
Again, by (! 4), we have ` i 
t a[n) 
R, J | y(t) «vl Im 3.11) 
| < Jd j eem ( ol) (2, 
Tbus by (2 9), (2 10) and (2 11) 
: ; 
l | b cos "P a 
ı R= oiliie EC Men (2.12) 
(2.13) 


whence by (0.12) Q So +4)/n} R = ol). 
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By (2.8), (2.5), (2.0), (2.7) and (2.13) 
J = ol, | (2.14) 
Therefore by (2.2) and (2.14) 
ty(r)/n —d(z)] m = o(1) as no, 
ard this completes the proof of the theorem. 
3. Combining the above theorem with the case K = Oof 


Theorem A (Hardy and Littlewood, 1981) If Su, is summable (A), then a nece- 
ssary and sufficient condition that it should be aummable (C, K\, K>-1, is that the 
sequence inu,] is summable (C, K -- 1! to the value Q, 


we get 


Theorem 2. I 


(a q(x) echt Bit) cot $t dt SZ" (81) 
0 


eem 


exists as a Cauchy integral down to zero and 


(b) f 


h 


on hi a(t) | " 
m ee di—0 (8 2) 








as h—- +0, for some fixed 8, then the allied series ig convergent, 


Proof of Theorem 2, The existence of the integral (3.1) as a Cauchy integral down 
to zero implies the summabilty (A) of the allied series (1 2). By using Theorem 1 we find 
that (3 2) implies summability (C, 1) of the sequence {nB,(x)} to the value zero. Now 
the convergence of the allied series is a consequence of the case K = 0 of Theorem A. 


| It ıs relevant to note in this connection that the following more general theorem is 
also true and is the analogue for the conjugate series of the refinement by Gergen of 
Lebesgue’s test for the convergence of Fouricr Series. 


Theorem 3. If 
(a) g(a) = zr 6(t) cot At dt 
Am à 
rgiata as a Cauchy imtegral doun to zero and 


(bi f qot +h) -ei Mt) dt>0 
J 


as h—- +0, for some fixed 6, then the allied series is convergent, 


| - , S 
Proof of Theorem 5. Condition Io) of Theorem 3 implies that 


H(t) = f $02 qu exists às a Cauchy integral down to zero, ^" ^ -- << "' ^" (858) 
0 
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Thus it follows that 


t t t 
=| 6(u) du -f uH'(u) du = in f Hiu) du = oft), 
0 


0 0 
(Hardy and Rogosinski, 1950, p. 49). 


(3.4) 


If (3.4) holds good, then it can be proved by standard arguments that (Hardy and 


Rogosinski, 1950, p. 49) 
H 
f Bu). — 008 qu = oil), 
0 
The same argument will prove that, if ‘a’ is any positive constant, then 
J Be gy = O(1), where Or, <7, gafn. 
In view of (8.3), condition (9.6) may be replaced by 
ME mY du = o(1) 
: u 


T, a a 





Now n 
B. > (b n cos mz —a,, s'n mr) 
mmi 


y 


=i f ers sias p} 9n d(n + Dt sin $ nf di 


sin 4 ił 


ifo sit) cott Lon nth dt f G(t) sin nt dt. 
0 


ei 


" Obviously, the second integral on the right = o(1). 


Hence 


-4f 6(t) cot 4t di 
2r 
k 
Ap up p 
= | O(t) cot $t (l1—cos nt) dt—~—~ | Oft) cot 46 cos nt dt +o(1) 
an 6 2m h 
= P—Q-o(l), sav. 
1 f 
P SEN 6(t) cot 4t(1 — cos nt) dt 
21 , 


1 n m : d fi—cos nt 
ele fonts) 
a \n/” 2T ; er f tan it á 


and the mtegrated term = o(1). Also O(t) = oft) by (8.4), 


(3.5) 


(3.6) 


(3.7) 
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and 
d/l-cos =) (2 d 
HI tan 31 =. er), 
Hence ein el 
Pes del at^ de! tdt) zs ofi 
0 0 
Again 


é p(t) D 9 r 
ao = -. COs nt a4 f e(t cot at - 2 Lon nt asa | A(t) cot $t cos nt dt; 
h h ' 5 


where 8 is a constant such that " <dö<r. The last two integrals above tend to zero 


when n—--o. 


Hence ıt remains to consider the integral 


A 
ii — cos nt dt 
h 


Using (3 4), (8.7) and condition (b) of Theorem 8 given above, it eaa be proved by 
arguments pre.isely similar to those employed in the proof of Gergen's refinement of 
Lebesgue’s Test for convergenca of Fourier series (Hardy and Rogosinski, 1950, p. 49) 
that 


A "7 cos nt dt = o(1). 
h 


This would complete the proof of Theorem 3. 


RAVENSHAW OOLLEGE, 
QUTTACK, INDIA, 
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VELOCITY AND TEMPERATURE DISTRIBUTIONS IN A 
FORCED JET OF A CCMPRESSIBLE FLUID 


By 
M. Ray, Agra, U. P. 


(Received — March 26, 1954; 


Introduction. The boundary layer equations of & compressible fluid have often 
been used by many authors for studying steady-laminar flow in a plane jat. Illingworth 
(1919), Toose (1952) and Pai (1949) have studied the problem when the Prandtl number 
is unity and the pressure- gradient is negligible. In all these cases the flux of momentum 


acrcss any transverse section cf the jet is constant and. the temperature distribution is 
at once given by Crocco’s relation, 


In the present paper though the Prandtl number has been taken as unity and the 
pressure-gradient negligible, it has bsen assumed that the jet is maintained by an 
extraneous force. The form of this force is suggested by Karman’s Integral equation. 
Evidently in this case the flux of momemtum will not remain constant. Two methods 
have been suggested to completely specify the problem, either the extraneous force can 
be taken as constant along the axis of the jet, vanishing-at its edge or the rate of the 
flux of momentum across any section may be taken as constant. 


Method used is the usual transformation of the boundary layer equation with the 
help of Mises’ transformation formulae and its soluticn with a suitabls extraneous force. 
Here no such relation a3 ons due to Crocco exists but the energy equation has been solved 
directly when the velocity distribution is known. 


2. Basic Equations. Taking the z-axis along the axis of the jet and origin outside 


it, the boundary layer equation in the z-direction when, the pressure- -gradient is 
neglected, i8 


mort epo aX ed Së) (1) 
Sy’ Sy\ Oy 
where X is the extraneous force in the z-direction per unit mass. 
The equation of continuity is: 


2 (ou) 4- 2 (gv) = 0. (2) 
Ox oy 


When the Prandtl number is unity, the equation of energy is 


oi Gi 1 E zi ) JE 
o +ev — = ~ (pe) tpl — (3) 
Cz Oy cy SN oy 


where 1 is the heat content. - 
6—1906 P--8, 
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When the pressure is constant, the equation of state for a perfect gas is 
ip = const, = t,o, d, 
suffix 1 denoting the value at the edge of the jet 


We further assume that 


B] By SS "Ir, 
‘The boundary conditions are 
on the axis of the jet, y=0, v=0, ou c. 0, ty 
Oy 
at the edge. jos, du. 


3  Extraneous Force. Karman’s integral equation for the boundary-layer in the 
present case will reduce to 


8 Ke r u Se 
x | ew dy- | oXdy. (8) 
ie 0 


0 
As the integral on the left-hand side will vary as some power of z, we can take 


X = cu)z (9) 
when € i8 some constant, 


&, Simplifications of the equations, With the above value of X, the equation 
(1) becomes 


^ 2 
ou + T = co + 202) (10) 


The equation (2) is satisfied by 
ou = Oy/Oy, v — —OV[Ca. (11) 


We now change the independent variables (x, y) to (z, di by means of the transfor- 
mation formulae 


(OI Gul, = o (OI OU); ) 
(12) 
(6/02), = 8/dz)y —ev(3/Sp)a. j 
The equation (It! then becomes 
(15) 
But from (4) and (5) we have 


BO = Kib: 
hence the above equation becomes 


Su SeU es SE 18 
Gr zr CURA S | e 
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Take 200 q= (e)ta, u= alle) 
so that (18) gives 
mar fin) + na-in (n) = en "tal 4 inis ff ME ` . (14) 
where dash means differentiation with respect to n. 
In order that (14) may be a differential equation involving n only, we must have 
m —1 — £(m-n) or m4 2n — — I. (15) 


Hence (14) bee ‘mes 


-= (l+2n)f+nnf = of - T), 
TJ 


or —(l+e+2n)ftnaf* = LO (16) 


A 


Before we go to solve equation (16) we see what conditions the function f(n) 
satisfies. l l 


8. Solution of the equation. From definition we have 


dp = (4/02), de + (OI Gul, du = (Ob/dy)ady + (Op /du) dz 


where Y= (motzt 

taking I=-n. | |. (7) 
Thus Knete "Lade + (uo, Izd. = gudy — ovdz Waff 

giving gv = —U(u,0,) #2!" 

and oudy = (ug trda. . (9) 


From (18) we see that v =0 when n — 0 hence, =0 corresponds to y. 0. 


Further Ou/8y = qudu/dp = quw™f’(n). Inge, 
hence the condition | OU is O when y = 0 
gives f'(q) = 0 when x = 0. 


Thus the function f(n) satisfies the conditions, 
aa de axis of the jet n=O, Tal = 0. | (20y 
at the edge fln) = 0. 

We are now in a position to solve the equation (15), 

Put l n =-(l+c+2n) ice. l1+c+8n =Q, (22) | 


so that equation (16) becomes 


n{t +f) =) ad. EE B 
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or from (17), cd Mer i ia in 
which gives on integration —Inf = fl 
since f —0 when „=0, from (20). 
Thus further integration gives 
f= c= gln? (23) 
Let n = pe, give the edge of the Jet so that from (21), we have 
f = ul abu (24) 
Thus u = Mëpa {l 0/8) 
or u = U fl -(/5] (25) 
when U = $$ (26) 


Evidently U is the velocity on the axis of the Jet. 


6. Solution of the energy equation The equation (8) with the help of the 
transformation (12) becomes 


Cr ` af Ci CAN 
TA e) (S) I (27) 
To solve this equation we now put 
1 = 1, + oi F (4), (28) 


where +, is the same as before, ie . n = (po) Seid, 


Remembering that u = Alto, — ail 
the equation (27) becomes 
tr IF — lr F = Pamti- H, r? — 7) FY 


— la mt tm aly EI 4 TS al aad t = nn”, 


so that t-1l=m+t-2l=3m-—2l 
giving m —2l = —], same as (15) 
and Lm (29) 


and the equation for F(n) 18 
4mF = In nF’ Pe), (80) 


The solution of the equation (80) is found to be 


ud db fm ean UL (2n + 17,7} (1) 
go that Date 


E E E EE 
(Ile Ce eb) 


(ef lng? + (2m 4 Del, (82) 
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1. Transformation formula We now complete the transformation formula (19) 


li 


ie 
dy = (ug) dy = (ntt a, 


=t 2) E uw enit de SEE leo? + (9m 41 an 
Bn "ln 9) om Pre Can "e n 


A 
toy —[ 41) gi-m ER Me ex Bly 27+(2m+! d (88) 
d (=) : Ié xw E $c m + io 8l) | LRQ 
As y = 0 when 7 = 0 


Thus 7 = ne corresponds to y = oo. 


8. Determination of the constants Two methods have been suggested — In the 
first method, we make the extraneous force constant along the axis of the jet. 





Now X = cu? /2 In = 77)" (34) 
so that on the axis of the jet where vn = 0, we have 
= fcl?a%~1, * = K, tay, (35) 
so that m=4 and nt = 4K /(cl’) (88) 
Whth this value of m, we find from (15), (17) and (22) 
8 5 
| wm (37) 
4 3 C 4 ? 
N ¥ 
and we D) (88) 
SN: 
Those give u = Behind — 2)/8, s = (0) t2734. | 
X = Kil (n/a | 
27 à i | 
tent, t+ Sol 2 "une + Ts ); ! (89) 
- (e) =| = tah (2. Le) 14703) | 
VS P Sno No gr GE J 
Also the flux of momentum aeross any transverse section is 
d ou*dy = BIL (p, o, Il Ta, (40) 
and this becomes Ai, gn 2295. (41) 


In the second method, we assume that the flux of momentum is Kz where K is 
a constant, 


so that from (40) we have IHm=1, 8l(p,0,) v) = A (42) 
then we get f=4% m=}, es l (48) 
and fo = 2 (44) 


4(u,0;)* 
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These give 


us dei (7,7 — ail q = (u) beid, 


X= KSE (AYE, : | 
Tio | 
EY 
i = iie duet (ns? s + Sec | = 
1 
y =(A) a [2 tanh Da L atem] 
0 No No 681, 
9. Results. Flux of mass across any transverse section is 
Ho 
2 J gudy = 2(u,0,)ta"n, (46) 
0 


More and more ambient fluid is drawn into the jet as it progresses. 


In the first case, the extraneous foıce is constant along the axis of the jet and 


vanishes at its edge. This is a more natural case for such a force if any to exist, 
Velocity on the axis is of the order zt. 


In the second case, the extraneous force is of the order g-t and therefore vanishes 


for large values of x but is large for small values of æ, while the velocity on the amis ıs 
of the order æt, 


In both the case the flow is helped by the extraneous force so that the flux of 
momentum increases as we go down the jet. 


10. Incompresstble liquid. In this case o = o,, therefore writing e fore, and 
p. for ui, we get from (19) 











0 Non 
i ; i 
ey = 2(4) gtm IEN So — = tanh{ where {= u (2) PS 
Uns o No No 2 dy 
so that u = dz" sech? C. 
In the first case 4 
SIE, TA 3 ) sech?t 
2\45u3/ at 
In the second case QKo M y 81K2g M ! 
t=} — oS i ech’ ¢ 
p Lëng 
AORA COLLEGE 
AGRA 
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ZUR ELEKTROMAGNETIK MATERIELLER KORPER 
AUF GRUNDLAGE DER MASSFORMEL DES 
VIERERRAUMES 


Von 
S. C. Kar, Calcutta, 


(Communicated ty the Secretary — Received March 94, 1954) 


Inhaltsubersicht. Es werden unten die Grundlagen einer neuen Theorie des 
Elektromagnetismus materieller Korper vorgelegt, die von der diesbezüglichen Theorie 
von Minkowski prinzipiell abweicht. Ihre Hauptzüge sind die folgendan: (1) der 
sogenannte Brechungsindex der Materie gilt als Funktion des Gravitationsfeldes und (ii) 
die primären materiellen Konstanten für homogene isotrope Korpsr sind der Brechungsindex 
und ein gewisser Lorentzinvariante Skalar, woraus sich die Dielektrizitätskonst ante und 
Permeabilität zusammensetzen. Das wertvolle gegenuber der Minkowski’schen Theorie 
ist u.a. die konkrete Formel (88) des Textes fur die Kraftdichte. 


1. Prinzip'elle Erwagungen. Bine grundlegende Behauptnug der Gravitation- 
slehre Einsteins (1922) ist die, dass sich die Lichtgeschwindigkeit zu einer beliebigen 
HRaumzeitstelle und in einer beliebigen Richtuog aus der Massformel 


dg? = g„dxrder 


durch das einfache Nullsetzen von ds erhalten lasse. Umgekehrt muss aiso folgendes 
zubre[fen. Falls sich die Lichtgeschwindigkeit zu einer beliebigen Raumzeitstalle und 
in einer beliebigen Richtung irgendwie etwa mit 


0 = hudeırder 


angeben lässt, dann wird auch die Massformel zu dieser Stelle mit, 


ds? = f.h, dx*da 


~ 


anzugeben sein bis auf einen unbekannten Faktor f(z*, z!, x”, 2). 


Es liege ein endliches Stück ruhender, homogener, isotroper Materie vor, der 
erfahrungsgemüss etwa der Brechungsindex m zuzuschreiben ist, in der, nimlich, die 
Lichtgeschwindigkeit zu jeder Stelle und in jeder Richung ala c/n anzusetzen ist. 


Nach dem Gesagten wird dann die in diesem Stück herrschende Massformel ohne 
weiteres mit 


u l ' dg? =1\ c dt? e d (1) 
- - - y a n 


~ 
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anzugeben sein bis auf den unbskannten Faktor f. Dem materiefrelen Raum, welcher 
das betrachtete materielle Stick umgibt, muss man ebenso eine Massformel von der 
Gestalt 


de? = h(c*di? — dz] (2) 


zuschreiben, weil dort die Lichtgeschwindigkeit zu jeder Stelle und im jeder Richtung 
c ist. Hier ist h ebenfalls eine bis auf weiteres nicht bekannte Funktion. Einstweilen 
sehen wir von jeglichen näheren Bestimmungen das Gravitationsgesetzes ab. 


2. Betrashtungen betreffend den Mitfuhrungskos#izient von Fresnel. Befindet 
sich das Korperstück etwa mit der gleichformigen Geschwindigkit u nach der positiven 
e Dichtung bewegt, so fordern wir im Sinne der speziellen Relativitdtstheorie, dass 
dann die vom Beobaehter wahrgeaommenen Verhültnisse der Lichtfortpflanzung aus 
denjenigen Massformeln zu entnehmen sein, welche aus (1) bzw. (2) durch die 
Lorentztransformtion hervorgehen. Nach ausgeführter Lorentztransformation gemliss 


z= B(r’—ut}, H = y', a = 2’ 
| «4 


t= plt’—ua’/c*) ; 8 = D - wh [oti 


geht /1) in 





da’ = {(x’, y, £, rel - et blo - Y eet de ~ dy? de 


= f(x’, Y, 2, ra at" + 2( 1 — 1 )udt'as'- dz" — dy? — de) (4) 


über, falls dabei höhere Potenzen von u/c als die erste vernachlässigt werden Für den 
materiefreien Raumteil, der den Korper umgibt, geht die Massformel (2) in 


ds? = h(x’, y, z, tjo* dt^ — da’? — dy? — daR} (5) 


H 


über. Hieraus ergibt sich für den Beobachter die unveränderte Lichtgeschwindigkeit c 
worauf eben die Lorentztransformation auch angepasst ist. Aus (4) hat man für die 
Bestimmung der Lichtgeschwindigkeit im Inneren des bewegten Körperstückes die 





Gleichung 
AE aen, ] 
n? n?/ dt’ at’? | 
on o] (8) 
= +2(1-4 ur cos 8 — V2, | l 


wobei V die gesuchte Lichtgeschwindigkeit bezeichnet und d den zwischen der 
Fortpflanzungsrichtung des Lichtes und der Bewegungsrichtung des Körpers einge- 
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schlossenen Winkel. Durch Lósung der quadratischen Gleichung (0), dabei aber unter 
Vernachlá:sigung hóherer Pctenzen von u/c als der ersten, erhalt man 


v =L + (1-1 )u cos 6 (7) 
7" n 


und somit den richtigen Ausdruck des Fresnel'scher Mitführungskoeffizientes. 


Die obenstehenden Überlegungen legen die folgende Ansicht ausserst nahe, welche 
wir hier auch vertreten wollen: Die Ablenkung des Lichts bei seinem Eintritt in die 
Materie ist ım Grunde dieselbe Erscheinung wie die Ablenkung des Lichtes bei seinem 
Vorbeigehen an der Sonnennahe; in beiden Fallen ist die Ablenkung vom Massfelde 
abhängig. 


9. Vorversuch betreffs der elektromagnetisohen Feldgleilchungen, die innerhalb 


isotroper Materle gelten mogen. Wir fragen nun: Wie gestalten sich die 
elektromagnetischen Feldgleichungen im Massfelde (t) bzw. (2). Hierzu verwender wir 
die verallgemeinerten Feldgleichungen von Lorentz, wie sie bekannt sind, nämlich, 





do. QUEUE ug Oe (1) | 
V —g Or de 
} (8) 
SUE TEN OR. 
Ss GEN Vers 0 (2) | 


und nicht die von Minkowski. Wir sind doch einstweilen dahin bestrebt diejenigen 
Eigenschaften der Materie an den Tag zu bringen, die möglicherweise in der Massformel 
stecken. Zieht man nun die bekannten Entzifferung-regeln, nämlich, 


> 

(Pes, Ban, Fia) = (Ba, By, Bz) = B (9) 
"A 
(Fig Pata) = (Es, Ey, E) = E 


heran, so erhàit man für das Massfeld (2) Feldgleichungen von der Form 


er : (EI 
div M S age e 
v1-v'/c? 
(8,1), 
+ 1 ; | 
rot B cas LP (de dy de 
Ji-v]Je cdt cdit ' cdt 
bzw. Sie 
div B = 
Fr (8,4), 
+ ^ 
rot E =— oB 
cat J 


7—1906P—3. 
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in Abhängigkeit von den praktisch gebräuchlichen Vektoren E, B. Bie lauten fast genau 
gleich mit den bekannten Lorentz'sehen Gleichungen für das Vakuum -ausser dem 
Umstand, dass m (8,1), rechter Hand kri? in Verbindung mit o auftritt. Für den 
Fall: @ = O, ist aus (8,1), und (8,2), leicht om Paar Wellengleichungen zu erhalten, 
wonach die Fortpflanzungsgeschwindigkeit des Lichtes sich zu c ergibt. 


Verbindet man nun die Gleichungen (8) mit dem Massfelde (1}, so erhält man mit 
Hilfe der gieichen Entzifferüngsregeln (0), wie oben, und in Abhängigkeit von den 


+ + 
praktischen Vektoren, E, B, Feldgleichungen von der Form 


div (n) = dmg E | 
yl- n?v*[ c? { in 
+ + ö | d 
) | 


rot ( B) = IE) A Aen PFF ( de dy de 





n cot Vl- nvo? cdl’ cdt’ edt 
2 | 
ES 
div B = | 
8.2 
2 ui n ( i 
rose =- dt ) 


Ist o = O gesetzt, so folgert man leicht aus (8,1), und (8,2), Wellengleichungen von 
der Gestalt 


LA 
n^ oH Be | 
ch ot? v ee | 
| eB ui | d 
"OB OB. 
bzw. 5 ap V 0 


woraus sich die Fortpflanzungsechwindigkeit der Wellen zu c/n ergibt. Man hat also 
das befriedigende Resultat zu begrüssen, dass in den beiden Füllen das Massfeld und 
das in ihm emgebettete elektromanetische Feld dieselbe Lichtgeschwindigkeit liefern. 


Wir wollen aber nach den Fall bewegter Materie untersuchen, dazu also die 
Gleichungen (8) mit dem vereinfachten Massfelde (4), d.h. 





ds’ = fn alle +2(1-—, )dzudt - da? - dy? dent 
n 


in Verbindung* setzen. Um unnötige Erschwerung der Ausdrücke zu vermeiden wollen 
wir die diesbezügliche Rechnungen nur bis auf die erale Potenz von u/c treiben. Mit 
Elfe von (9) liefern die Feldgleichungen (8) dann 


* Siehe Anhang, 
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sina) + fng, (m Ën e Inge e -1;- SA 


nl Oe n 


= rolf)? fi 42(n1 —1) = Ier É 


cc 
Gen -2f Be - 6-12] 
n? Osl n n*/c 





| 
_ Gin Ea) n) T os t dr 
Se + drolf n) {1 4+ 2(n? — 1) di" | 
| (8,1), 
(21-809 G-2)ten]- pn e-nt*] 
Cal n cain uc in? SCH — cat nin 7 n 
-t d 
^48/2 e SE ey 
t 4ne(f/n) {i t 2(n? -D- prt 
«x (area Zei A) B 
2) Be (pa eagle 9] Ue Nx 
Gel n nyo? Cyl n cot omne EE 
—+ d 
DH a Zei a2 
+4ro(f'n) A1+2n dé "eer 
bzw. > d. 
div B 20 | 
r " 
> (8; 2), 
tE = — OB | l 
cot | 


Falls keine Ladung vorliegt, so ist aus (8, 1), und (8, 2), das Paar Wellengleichungen 
zu erhalten von der Gestalt 





dar i Se + 
"IE, gm uf 9E -FE =0, | 
c Ot? Cc cotar s 
(11) 
2 ae T + 
n OB am- 9B _ wR =o, 
c* gt? Cc cotar 


wenn man dabei die Grenze des Massfeldes ausschliesst und sich bei den Rechungen nur 
bis auf die erste Potenz von u/c beschränkt. 


Mit dem Ansatz + > o duke ' : 
| (B, B) = (Eo, B) P(t- t mans ) (12) 


erhält man aus (11) für die Bestimmung der Fortpflanzungsgeschwindigkeit w ebener 


Wellen die Gleichung 
1 6% | 
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Mit l = cos 0 ergibt sich hieraus 


also der gleiche Ausdruck des Fresnel’schen Mitführungskoeffizientes mit dem bereits aus. 
der Massformel (4) unmittelbar abgeleiteten. 


Verbindet man die Feldgleichungen (8) mit der Massformel (5), so ergeben sich die 
gleichen Formen (8, 1),, (8, 2),, wie mit der Massformel (2), ausser dem Umstand, dass h’ 
an Stelle von h erscheint. Das zugehörige Wellengleichungspaar liefert für die Fortpflan- 
zungsgesch windigkeit denselben Wert c. 


Die wichtigsten Ergebnisse obenstehender Hrérterungen sind nun, wie folgt, ins 
Wort zu fassen. Die tensoriellen Feldgleichungen (8) eıgeben in Vérbindung mit der 
Massformel (2) bzw. (5) stets die Lorentz’schen Feldgleichungen fúr da: Vakuum, 
eventuell mit h = 1 = W. In Verbindung mit den Massformeln (1) bzw. (4) hefern sie 
aber Gleicbungssysteme, die eher demjenigen von Maxwell-Hertz ähnlich beschaffen zu 
sein scheinen—ähnlich, insofern sie die gleiche Lichtgeschwindigkeit innerhalb ruhender 
bzw. bewegter (isotroper) Materie ergeben wie die von MaxwelFHertz bzw. 
Minkowski, jedoch davon verschieden, indem die Gleichungen (8, 1) auf Grenzbedingun- 
gen führen, welche von den aus den Gleiehungen von Maxwell-Hertz bzw. Minkowski zu 
ableitenden wesentlich abweichen. 


4. Die allgemeinen Feldgesetze des Elektromagnetismus, welche innerhalb der 
Materie als vollwertig zu erkennen sind. Die im Massfelde sich kundgebenden materiel- 
len Eigenschaften geben uns an hand der Feldgleichunsen (8) stets den richtigen 
Brechungsindex fiir elektromagnetische Wellen, vermógen aber nicht das volle elektro- 
magnetische Gleichungsschema zu liefern. Jedoch glauben wir die tensoricllen elektro- 
magnetischen Gesetze in folgender Gestalt forınulieren und sie für das innere der Materie 
als vollwertig beanspruchen zu können. Von Minkowski abweichend schreiben wir die 


Gesetze wie 





ne | 

dn D "` | 
} (14) 

Of e y OF ye OP eu 0 (2) | 

dee  Qaz^ Gav u B | 


a ist dabei als ein J.orentzmvarianter, dimensionsfreier Skalar zu verstehen, der an der 
Materie haften móge, im Vakuum aber gleich Eins sei. 
Zieht man nun die Entzifferungsregeln (0) heran und setzt noch die necbstehenden 
hinzu, nämlich, 
= -— i + 
nV offen, PY, FP) = (Ha, Hy, H) =H) 


DRE + (15) 
qv gE", pe, FS) = Da, D, D = D f 


So erhält man an Stelle von (14) die nachstehenden Gleichungen 


+. 
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4 


> RE 
dw ER E 


dz 
R E (1) 
> EE 1 l 2 da? 
H = D caso — E ua =) 
ek TUE LEE. ds ' ds’ ds 
+ (16) 
) 
; | 
div B =0 
2) 
2 x 4 | 
“Oh he OE | 
cot J 


+ + + + 
welche die praktisch gebrauchten Vektorpaare (D, H) baw. (H, B) enthalten. 


Will man nun elektromagnetische Vorgánge in isotroper Materie bei Ruhe bzw. 
Bewegung verstehen, so hat man die obigen Gleichungen (14) oder (16) mit der Mass- 
formel (1) bzw. (4) in Verbindung zu bringen. 


Fall der Ruhe [die Massformel (1)]. An (8, 1), sieht man 
=- < +> 
J =g UP. Pet Fe) = nE 


| 
| i 
y/ —9 (73, bai. pn) == - B l | 


Inn vorliegenden Falle hat man also nach (14) die elektromagnetischen Feldgleichun- 
gen der Form 





+ m ) 
div (nnE) = 4re 2o (fn) ` 
vi-n?’v?/c’ 
E (14, 1), 
B n T de dy ds 
ot ( 2B ) = OF) + dno SP ( i RC UN SM 
n cat J1—nv?[c! cdi cdt cdi J 
div (B) = 0 | 
m > (14, 2), 
rot (E) = —08 
cot J 


Die Aquivalenz dieser Gestalt mit der von Maxwell-Hertz ist sofort erkenntlich, 
falls man, wie wir es tun wollen, setzt 


ny = e [Dielektrizitätskonstante] 
(18) 


n/n = p [Permeabilit&t] 
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Nach (15) gilt also übrigens ES s 
D 


> 
= (1/p)B 


(19) 


Fall der Bewegung in der z-Richtung [die Massformel (4)]. An (8,1), sieht man 


nun EM } 
Y-g Fo = ab, 


| 
| 
Vg F* = nEy—(n?-1)% BE o 
| 
) 


vg FR = nE, 4 (n*—1) 


ole 
2 La 


und E 1 
vg Fn =1B, 
"E 


Em 1 1 \u 
Vv =g F L -12,-(1-,)% nE, 


y —g F”? = 1B +(1-4) nEy 


(20, 1) 


(20, 2) 


In diesem Falle erhält man also nach (14) die elektromagnetischen Feldgleichungen 


von der Gestalt 


Spa] eS ffar, -pe-1* PA] Sg. mn Ay 


cC n Oz n 


mi 
= deg ail) 4-2 (n? — 1) Es | 


ale 8p all 


-t 
= ES ein rg | + Aena 2 (n — 1) “ve \ da 


: cdt 
 ébos]- 2b 0-292 794] 
` SE Qc 4 =+(1 n?*/c dei 


` -4 
EURO ap, eae zi + Areal +n? 1) Ws \ ay. 
CG n 


HSG Apel SIS) | 





G 


-1 
= 9. [afam ett 3 2a ] At IECH -1) “ts } da 


n g7 


cdt 


Ss —— € A ee es m ey, 


(14, 1), 
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3 | 
div B =0 : 
m | 
\ e + + (14, 2), 
rot E = — 3B | 
cdt 


Wegen unserer Forderung der Lorentzinvarianz besitzt der Skalar n den gleichen 
Wert bei Bewegung, den er bei Ruhe hat, hier, nämlich y (ef). Wir dürfen uns also 
der Setzungen (18) ohne Bedenken bedienen und in (14, 1), mit Rücksicht auf (15) setzen 


n(nE,) = 6 Es = Ds | 


EE BA La By- (1-17 Ve 


© p g 





EE Pr =e B+ w- By pn 
C n : c p 


z 
| 
| 
Queen E | " 








Die Gegenüberstellung mit der Elektromagnetik von Minkowski für bewegte Medien, 


Die Feldgesetze von Minkowski (Laue, 1921a) schreibt man bekanntlich, wie nachstehend, 
hin in fast der gleiche Form wie in (16) 


+ | Ó 
div D = 4:0 | 
f 
+ Es dh: ck 
atA = OU: 2419) | 
cct C J 

(22) 
/ | 
Ho div B=0 | 
"IE i 
E oe fo af een rot E = — 9B j 
cot 


daneben aber noch Y.rknüpfungsgleichungen wie 2 = ss 
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> 4 > > + eb ok 
D+=[u, H]= s| E+ Ip 51 | 
C 





(23) 
B- I (u, E] — |E- : pu 51] 
Aus (23) folgert man 
D = «Es * [u, B]— 1 [u, H] 
= sH + - [u, B] um, B] in erster Naherung 
n 
(24) 


i 
| 
| 
+ 04 A 
= H+ E [u, B] | 
. Cp 
+ | 
B 1 +> > E v dili c ] u 
= — ——J[u, E]+ -[u, E] in erster Näherung 
A Cu C - 
S + > 
€ pol -s [u, E | | 
H: Eu C J 
Im von uns betrachteten Falle findet die Bewegung aber in der z-Richtung statt; daher 
ist zu setzen 
— 
U = Dis = U, uy = 0, us = 0) (25) 


Demnach hat man aus (24) 


Dz = efi 








By 
p 
—1 
D, = «E,— # uB 
i : ep ` H, = By -(1- 1)*.«, 
H 


SE (26) 





| 
EH | 
D, = E, + SÉ uB 
s I Cu y | H, = Te (3-1)t.ug, 
p tu/ c 


—— mn 


Man sieht, dass die Gleichungen (26) mit den Beziehungen (21) vollstundig übereinst.m- 
men, wenn man darin: eu =.n?, setzt. 


Damit ist der Nachweis vollbracht dafür, dass die von uns oben formulierten 
Feldgesetze des Elektromagnestismus mit denen von Minkowski vollkommen übereinstim- 
men im Falle gleichfórmiger Bewegung bis auf die erste Potenz von u/c. Die erste 
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Potenz von u/c ist es aber, die den Genauigkeitsgrad der Messunssergebnisse bei den 
Versuchen von (i) Wilson, (ii) Röntgen-Bichenwaid, (iii) Fizeau und dergleichen darstellt; 
also decken jene Gesetze auch unsere bisherigen "Erfahrungen bezuglich bewegter 
Materie vollkommen. Von der Minkowsk:’schen Theor:e ist die oben behauptete 
prinzipiell dadurch unterschieden, dass sie etwa aufdeckt, wie die Materie auf elektroma- 
gnetische Vorgänge einwirkt; ihre Rolle ist, namlich, durch zwei Momente vollig 
beschrieben, erstens, das innerhalb der Malerıe geltende Massfeld und zweitens der 
Lorentzınvariante, an der Materie anhaftende Skalarn Nach unserem Gesichtspunkte 
ist also bei homogener, ısotroper Materie den Konstanten, n und 7, eine primäre 
Bedeutung beizumessen, den Konstanten, e und u, dagegen eine deduktive, also 
sekundäre. Der formale Unterschied ist der, dass hier eine grössere Ökonomie im 
Sinne Machs erzielt wird Man findet sich, nämlich, bei obiger Formulierung mit 
einem einzigen anlisymmetrischen Tensor ab, gegenüber den zwei solchen von Minkowski. 
Ausserdem fallen die zwei Verknüpfungsgleichungen von Minkowski. fort—ihre Rolle ist 
gewissermassen von dem innerhalb der Materie geltenden Massfeld übernommen, teils 
aber auch vom Skalar n. 


8. Der Impulsenergletensor und dessen Dichte. Den gemischten Impulsenergie- 
tensor schreiben wir als 


v 1 y - 3 
E — M, | 
c p t | 
f (27) 
wobei 7 : | 
M, = —F,,F'44+40,F 3 Pe? | 


Die Komponenten der Dichte dieses Tensors lasssen sich nun leicht mit Hilfe der Regeln 


+ A + > 
(9) bzw. (15) in Abhängigkeit von den praktischen Vektorpaa'en (D,H) und (E, B), wie 
folgen, ausdrücken 


Beriicksichtigt man zunächst den Ausdruck 


EM +> ++ 
bq - gP, F9 = 4(BH)—4(HD), (28) 
dann hat man bequem 
1 1 — > ++ 
V=gE, = SIE AD) + BeHe-4(BH) 
Sei 2 1 Dr 
N -gE, = LUE Dyt By Has l 
E (29,1) 
Seege". 058 
dap, = E,D: e Bs} | 
Ii: oid 1 1 > > | 
d =gE = —7{B,D,—B,D,} = —[B,D]s l l 
r 4m 4r 


182 S. C. KAR 


od e LM D, 4 B,H,] | 
m 1 + ez 
y —g E,-— zi ED, - (ED) + B,H, (BH) 
R (29,2) 
y —g E, = —{E,D,+B,H,} 
N SCH E, = liB,D, - B.D; = 1 [BD], 
$ Aix Jar 
/—g E {EDs + B H, 
V =g E, = B,D, BAD | | 
(29,8; 
—— 3 1 
y -g E, = TED, ,D4— -4(ED) + B,H,— _4(BH)} : 
1 H + A 
4| —g E, — —1B2Dy- ByDat = — [BD]; 
Ar dn 4 J 
Ss 1 1 1 +> > 
y -g H,= — Ey H,— B, Hy} = —[EH], 
Ar da, 
— ., 1 FR 
MN — g E, = = ee i 
(20,4) 
ee 1 er 
vu, ge |, 
— 1 ++ | 
V —9 Mc (ED) rI(BH)I 
Man merkt, dass im allgemeinen 
E l — 2 
VZJ E, vg E, usw. SCH (80) 


Im Falle aber dass die Materie isotrop-homogen ist und dabet ruht, hat man die Formel 
(19) zur Verfügung und daher die Maxwell’schen Spannnugen wieder in der üblichen 
symmetrischen Gestalt, I 


6. Die Vlererkraft und ihre Bezlehung zum Impulsenergletensor. Fur die 


Viererkraft, É, setzen wir zunächst die übliche Formel 


dz, 


K, Eum 
S de 





(81) 


Ia 
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und finden duher mittels (9) 


A ++ 
Da e {Eat > [0B let | 

da € | 
A APT... qs 7 
K, =e S IE, 1 [vB],] | 

(82) 
A + A 
K, = 98 fu, 1 pony) | 
lk. 

keete = (Ev) j 


Formi man nun die Kraftdichte, K, / —g, mit Hilfe der Feldgleichungen (14) um, 
80 findet man auf bekannte Weise aber 


D eek dog iq pe) 
Ke V-g =env-g ER 





OF st Get aye 
Orr vg 





_ d Son), =, pape 
ne (nv —g P,gFP) 


oder 


=o Set, 3 dog. pF) = BH or gy ae }- Ya pa —; 


Den Ausdruck rechts in dieser Gleichung erkennt man als die Dichte der Divergenz 


des Impulsenergietensore Ez. Dagegen stellt der Zusatzausdruck links nämlich, 








Ty Hen ( 3 pape) (84) 


ein den bisherigen Theorien fremdes, vermutlich aus der Wechselwirkung zwischen 
Materie und elektromagnetisehem Felde stammendes Glied dar. Die Frage nach der 
wahren elektromagnetisehen Kraftdichte wollen wir nun also dermassen entscheiden, 
dass auf dem Boden der Gravitionstheorie Einsteins die Erhaltungssatze der Impulse 
bzw. Energie erfüllt werden. Nach dieser "Theorie lautet die Feldgleichung der 
Gravitation 


1.43, R = o (Tot E (85) 


wobei T7 bzw. E, der Impulsenergietensor der Materie bzw. des clektromagnetischen 
Feldes ist.  Hieraus leitet man in bekannter Weise die Gleichung 
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d EL y v U r l 
agi cR SE ere (38) 


her, welche die Erhaltung der gesamten Impulse bzw. Energie ausspricht. Hierbei 


ist, wie bekannt, t ein wegtransformierbarer Pseudotensor, welcher bei besonderer 
Wahl des Kocrdinatensystems [Z. B. bei geodätischen Koordinnten] wegfällt. Bei 
geodätischen Koordinaten hat man also nach (86) 


wav 9 Tb = Slag wl} = Ring Hy (Irre) (n 


gemäss (88). Die Dichte der ponderomotorischen etwa auf em materielles Teilchen 
ausgeübten Kraft setzen wir also zu 


f Ulla, run) as 


in Abweichung von der üblichen Formel. 


7. Die Elektromaganetik in erweiterter Fassung. Unsere frühere durch (14) 
gegebene Fassung der Elektromagnetik wollen wir nun probeweise durch 











1 ^ Ov gE t Anp) _ Ano S9" | 
v9 Oa de | 
e (89) 
OM igi ou OF oa. a: 
One > Cut T er : | 


ersetzen, um dadurch möglicherweise dem physikalischen Sinn des von uns eingführten 
Lorentzinvinvarianten Skalars n auf die Spur kommen zu ku können. Setzt man 


p” = Mtr, (40) 


wobei A eine skalare, dimensionsfreie, in Vakuum aber verschwindende Grosse sei und 
weiterhin 


1+4rA = Ay (41) 
so kommt man offenbar zur früheren Fassung zurück, 


In Parallele mit dem antisymmetriechen Feldtensor F „m und angesichts der Regel 
(9) setzen wir 


> 
(Pas Par Pia) 7 — (Ms, M,, M, ——M 
(42) 


> 
(Diss Paas Psa) = — (Pe, Py, P) — —P 
ES > 
und verstehen unte: M bzw. P den Magnetisierungs—bzw.  Polarisierungsvektor. Des 
ad 


+ 
negative Vorzeichen rechts ın (42) wird darum gewählt, weil die Vektoren M bzw. P 


+ Y 
nach unserer Beurteilung, den entsprechenden Feldvektcren B bzw. E entgegengestzt 
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gerichtet scien, Bei Beschränkung, uuf den Fall des ruhenden, isotropen Mediums ist 
dann nach (17) zu setzen 


pt + 
v =g (p^, p**, p^) = —nP | 
SS B (48) 
V Zg (p®, p, mais 1M | 
n 


Demnach ist gemass (15) zu schreiben 


d =g (ai 4 Ag pl, F434 Agp*?, pi + Agp!) 


IF 
I 


+ + 
= nE —4anP 
E ge (44) 
Hz UE (F?5 + 4923, Ft Agp pi + 4a p!) 
E 3 
= B — 4m M 
n n ] 
oder d ue D 
D = nE —4AzgnP 
+ + + (45) 
B = nH +4rnM 
statt o = + +> 
D= F+4rP 
+ + + (46) 
B = H+4rM 
wie bisher nach Lorentz, Mit Rücksicht auf (40), (43), (45) und (41) hat man 
T 4 + + 
D=nE+4mAE = nnE 
-+ + + 
B= nH —4rAB (47) 
E EE | 
dl eH 


d 


8. Schlussbetrachtungen. Am Schlusse wollen wir einige Fragen der Gravita- 
tionslehre kurz besprechen, die sich an die vorliegende Arbeit knüpfen. Wir smd, nämlich, 
von den Grundannahmen ausgegangen, dass die Massformel (1) in einem von Materie 
besetzten Raumgebiet herrscht, die Massformel (2) hingegen in umgebenden Vakuum. 
Wir gehen nun daran, jene Annahmen ans Verhalten der entsprechenden Krümmungss- 
kalaren zu wàgen. Schreibt man die Massformel (1), etwa, in der gleichwertigen Form 


dg? = il c?dt? 
i 


? 





—nfdr? + r?d0?+ 7? sin294g°}| (48) 


mit der Spezialisierung : (49) 
f = ft, t), 
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so berechnet man ohne allzugrosse Mühe den Krümmungsskalar als 


FEN | 


M | ou 
wobei {= ^ f= z , UBW., (51) 


heissen, Für das Massfeld (1) ist also R#O und unsere diesbezugliche Annahme ist 
demnach mit der Gravitationslehre vertiaglich Schreibt man ebenfalls die Massformel 


(2) etwa wie 
ds? = h(r,t)[c?dt? —{dr? + r°d6* +77 gn?0da*|], (52) 


so findet man fur diesen Fall den Krummungsskalar als 
ub EG] | 
SC i ln) au 
| (58) 


Abr, y] | 


wok = =. = 2 , usw., sind. Auch hier ist RÆ0; nach der Gravitationslehre 
zeigt sich also die Massformel (2) fur das Vakuum nicht hinreichend ohne Zusatzannahme 
wie etwa ji = 1. An unsere Annahmen ist noch zu ersehen, dass gewisse Diskontinuitüten 
zwischen den Massfeldern (1) und (2) bestehen. Es scheint dies ein schroffer Verstoss 
gegen die Forderung der Kontinuitat zu sein, welche Gravitationstheoretiker bisher 
gemacht haben, so, zum Beispiel, zwischen dem Massfeld, welches innerhalb einer 
Flüssigkeitskugel (Laue, 19215) herrecht und dem, welches ım umgebenden Vakuum 
gilt. Diese Forderung beruht bekanntlieh auf dem tonsoriellen Satze 





Sy - —g (Th + t2] zT) l (54) 


Cam 


oder 1m statischen Falle wenigstens dem algebraisch uquivalenten 


ES Jäederdert daf: + tj] 


= - [ass ala, +8) ee (I) EI ea (T) CH (55) 


Dabei sind o: ga 4, die Richtungskosinusse der zum Flachestick dS der Begrenzung 
nach aussen gerichteten Normale Nach Einstein spricht dieser Satz die Erhaltung der 
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gessainten Energie bzw. Impulse aus. Zweifelsohne ist zuzugeben, dass in ihm etwas 
Objektivee steckt wegen seines tensoriellen Charakters ` "Unberechtigt aber schliesst 
man hieraus auf die Kontinuität über die Grenzflächen von 


D f “ 
Wi 


v (T, +), — ST E) TRIP E) (56) 


und infolge dessen auch von den Massfeldern. Auf Grund von (55) hätte man vielmehr 
auf folgende Weise vorgehen müssen: Schreibt man, nämlich, den Ausdruck rechts 
von (55), wie folgt, um u 


4 


= [48473 eds T +e ) +a,( T $t dÉ DES (57) 


wo dn das Element der Normale zu dS bezeichnet, so sieht man, dass 


dë 4 —gdn); = d8( —gdn),- 


gelten muss, wobei dS( —gdn); bzw. dS(4/ —gdn), den mneren bzw. äusseren, Wert des 
dreidimensicnalen Volumenelementos darstellt. Man hat daher vielmehr auf die Kon- 
tinuıtät über die Grenzflächen von 


1 2 3-74. 8 3.1 
(T, +t aus at at at wa (58) 


zu Schliessen, Die Sache habe einmat dabei ihr Bewenden. 


In diesem Zusammenhange wollen wir noch eine F rage auf werfen, deren Beantwort- 
ungt ‘uns, ‚physikalisch gesprochen, besonders wichtig’ erscheint. Mögen die Parameter- 
Koordinaten (ei, oi, ai, 2°) grundsätzlich eme noch so willlürliche Benennung des 
Raumzeitpunktes sein, so gilt es doch zu wissen, wie man dıe zur Beobachtung geeigeriten, 
rechtwinklig kartesischen Koordinaten zu wählen hat. Die Möglichkeit einer solchen 
Wahl bleibt eben nach der prinzipiellen Willkür der Parameter ganz offen, Ist der 
Beobachtungsort als Nullpunkt gewählt, so erkennen wir solche Koordinaten schlechthin 
als (t, x, y, e) in der MEN Ue 


— ve 


dës = D = if) ght (12 is fr assa + dy? aa = | (59) 


welche schon von SÉ (1929) St Newton’ m Naherung e don ist. Am 
genauen Nullpunkte ist dann die Massformel cine Galiei’sche und in der nächsten 
Umgebung ist sie so beschaffen, dass der Becbachter das Ortliche ihm gegenwärtige 
Gravitationsfeld daran wahrnimmt. Nachdem so an Hand der Newton’schen Näherung 
die Wahl der zur are geeigneten rechtwinklig kartesisehen Koordinaten 
festgestellt wird, kann man das voile System der Gravitationsgleichungen Einsteins auch 
in diese Koordinaten ausdrücken, etwa, mit Setzungen wie 
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dV 
gi. = (i -£ f2 )+ yut, T, y, 2) 


dV 
Jii = -(ie& fe ese, d, Y, 2) 


Gia = y(t, T, Y, 2), | 
Jas 7 Yos (E; z,1,2), usw. 


— 


Anhang. Nach der Massformo! (4) ° 


2 3 Non 
dee | z 2 +2(1 -=,) udtda — le? — dy? - dz*| 


N n 





gelten: 


f " I\u F 
Jia — LZ Ju = (f n)(1-4)* ; I = — (f'n) = Jaz = Jas, sonst Gar = N. 


Ferner " 


g = dot j 
Mama L)*, 0,0 | 


= —(f)'n* bis aut 


0 ; O0 , -—(fn)0O0 | 
DN O0 , D -— (fn) 
u, Hh 0 l \u l 1 , 
die erste Potenz von — ; = 7 gut = GEAR ai) — E = gt =g", 
g^" = (). 
Ferner 
d —gF*" = y gg“ P, = Fy. 


— 


y GP = N — gíq**g" F is T9gUg"F ot = nF, —n (i-1)*r., 


n 


D "S gF* 


N —919*59' E pog Ru = nf. EEN 


— 


— . I 
y -gE = y -g gq" Fa n 


d'an = ogg Fa e gym = ERa Eee a E Fa 
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y =g = y — gig! g? PF, gig? F = * Py +n ie yj s 
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TORSION OF COMPOSITE SECTIONS OF DIFFERENT 
ISOTROP C MATERIALS 


By 
D. N. Mura, Kharagpur, West Bengal, 
(Received — March 4, 1054.) 

1. In this paper function-theoretic method is adopted to salve the torsion problem 
of a crogs-seclion which 1. composed of two or more different isotropic materials, when 
the cross section can be mapped conformally on the circle and the boundaries of regions 
of d.fferent materials are ecnformally represented on citcumferences of concentric circles. 
Cases when such a cross-section contains a hole are also dealt with. Some of results in 
this paper agree with those of Payne (1949) obtained by a different method for correspond- 
ing problems. 


2. The axis of the cylinder about which the twist r is given is taken as the a-axis 
and the axes of æ, y are taken in the plane cf the cross-section of the cylinder. The 
cylinder is compcsed of an ısotrupıe material of shear modulus a, bounded by a curve 
C, within the cross-section which is bounded by the curve C, and also composed of a 
different isotropic material of shear modulus x, occupying the space between C, and C,. 


Assuming the displacements along the co-ordinate axes to be 
uU, = —TYs, V, = rä, WwW, = rọ, within C,, 
and uU, = — 932, VU, = 72x, W, = 79, for space between C, and C,, (2 1) 


the stress componenents become 
OP, ) °P; ) 
Rat = Seite: + ios ; ZS Los —— + 
(el, di = y), (Yz) = zue By y 


the sufix r — 1 we wfixed for values within C, and r = 2 for those within C, and €, 


The stress equatiuns of equilibríum 


PS en 


shows that o,, ¢, are harmonic within the regions they exist. 
Choosing Yp conjugate to Pr and putting 
V, = y, Ai +y’) (r = 1, 2) (2.2) 


the above stress components become 


i e 
(es), anch i) = ut (= 1,2). (2.8) 
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Since the displacements are continuous across the boundary C, we, from (2 1), 
have 


e, = 9, for points on C, (2.4) 


Also since the boundary C, of the cylinder i$ Iree fiom tractions we have 


Ld rd: 
rcm LS D en €, 
i c. y, = (2*4 y") on C, (2.5) 


Since the tractions are continuous on boundary C, and hence from (2 3) we get 
nf, = m, Fon C, 
It is possible to solve for e, 9, from (2 4) - (2.0) 


We now seek n function-theoretie solution Let 
z(= x+ iy) = lol = Sa," (2.7) 
0 


transform conformally the regien within C,, and that between C, and C, on the region 
within 4,, the circumference of a cırele of radius r, and the region between y, andy, the 
circumference of a cuele of radius r,, respectively in fh» o-plane. ‘Ihen 


e 


sz = A biro” 
on 
x ge 
where bair) = Ð aya gi r™. (2 8) 
fam — 0 


Assuming the complex torsion function m the «-plane 
F, = ean, zs Lé Ao", Fy = 9, +, -1 5 Ban” SI 
0 -o 


we have by (2.4) — (2.6), 











Bon 
Bat Tat = balra), (2.11) 
B. i 
ud Bat k A dä = Aeläa br, (2.12) 
1 


Solving from above equations we have 


A, = Uti elt Pon (n. nahe A 7 n Ga, 7 nM bu) bafi 4g) 
(p, — BTA - Qu m paru? 
B, - batur uu, = Ra) E b, (rr, (p, T Ug) (2.14) 


at la, + Kalt," 
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Fhe torsional rrgidity of the prism ie 


=u | Je ty e =Y =: Jae dy + us | f(x +y? -. 9 a _y OP Mein 


where the first tarm above is integrated over the whole urea bounded by C, and the second 
over the area included between C, and C, ‘This, by transformation is 


N= mf- ài f wto (1/0) | dtw'c) UL (I/o)dF e)) 


faifai 


Yı Y- 


r 


S inl fotos (Ljo)d Flo) - hil 


Ya Ya 


R standiug before an integral meaning st real part. 


Using Cauchy's [Theorem of Residues, 


N = ba X [nyen(ri)b uri) + nde ulta)d alts) —Cy(?,)b ell -ar S nAsD ary) 
0 ] 
-uar NnBabb.s0,) -b-n )} (2.16) 


where Gr) = = (n +8) Gna gi r** (2 18) 


8. As an example, we take the cross-section in the form of a circle of radius r, of 
which a portion of circle of radius r,(r,<<r,) is composed of material of shear modulus u, 
and the portion included between cıreles of ıadıı r, and r, with material of shear 
modulus a,. 


In this case 


= F,=0 


| 


and N = tn] nz? + p(T," 5 1354] 
The result agrees with Puyne (1049) 


4. The above process may be adopted for a cross-section bounded by the curve 
C, composed of different isotropic materials of shear moduli py, Ka- pa filling up regions 
within boundaries C,, between C, and Ca, between C, and C,, ‚between Cy.,, Ck 


Let z udo) $ apo” (4.1) 
0 
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map the region in the z-plane bounded by Cp into a circle of radius rz, other boundaries 
PONE GrP corresponding to circles of radii r,, r,,...... in the c — plane, : Then as in 


t 


art. 2 choosing 


P. e gut = X Aa (r= 2,8,.,k-1) | 


n=-o : 





| E = 
, (4.2) 
and F, = A A,n0" | 
0 J 
we get analogous to (2.4), k— 1 relations 
Di © Q ONT =T; 9% = 9, ON f = Fann Ọb-1 = Ge OD T = Th 
giving joe eis = P dy em = Aia” Aa ayn (4.8) 
i Ti f rs 
"d 8 = 2,3,..., (k—1). 
Also analogous to (2.0) we get k— 1 relations d 
pd = Daa Ma: on "ste [8— 1,2,.., D UI B 
where ' : V, = y- $ls? y), "SS 





si As WI A. = l 
giving pA Aunt p = burn} = koa Ann nt E ENT 
` Ty 2 Ts. * 


(8 = 2,9,...,K) (4.4) 

Also since the bounding curve r = ry is free from tractions, we have 
ZR 
im 


Tk 


Amt 





= bald NEE? 


The (2k—1) equations in (48)—(4.5) give the values of (2k—1) constants 
Án? Asin; Aa ng Asin Asa WA An Ah n- : 


6. We now consider the cylinder having a hole bounded by a curve C, Itis 
composed of an isotropic material of shear modulus y, between C, and a closed curve C,, 
and of material of shear modulus u, between C, and C,, the bounding curve of the 
cross-section. 


Let a= N 00m (5.1) 


transform conformally the region between C, and C, and that between C, and C,, in the 


a-plane into region bounded by circles of radii r, and r, and that bounded by circles of 
radii r, and r, respcetively. (r,«r,«rj. Choosing the complex torsion function 


P, se $, Ano”, riso «T, 


| 
(5.2) 
[m $ Bpo” Tee fe | 
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We get by conditions analogous to (2.4) and (2.6) 








ER B. 
A c Tm Bac DA. (5.8) 
An Bs 
ids Ege bur) E = paf Ba Zei bur) h. (5.4) 
T4 72 
Also since the boundaries a = 7;, and o = r, are free from tractions we get 
An _ 
Aq + cm A bs (rj), (5.5) 
7i 
B. 
B, — = balra). (5.8) 
. Ts 


Solving from (5.8) - (5.6), we get 
Dër de EE Ta mb, tr lp, Zë di d'Iddie 


P x er S5) [etter tb Es) Æ CAT + nr bar.) rn, (Ta) :] ( 
a Barn — n) (n,*^ E 7,59) tel" tr E ed i l 


(rnt) [sir I Pb n) = ti bali 


Pos + Ps i" "Delt, = Ta OTs), | = u =") 1On(r,)r,7* = b„(r,)r, en) 
n 2n ` 4 an 2n 2 x" p 5n 2n fn mm 
Malt; 74 ) (7, quu Pa (7, tr) (Ta Tr) 


‘Torsional rigidity is given by 


N= By 2 (drfc„(r,)b -a(f3) — Golf dr ZE ™mA,{D -n(r4) — b -n(?,)}] 


+ fg 3 [4níea(r.)b nlr) — Cy (72)b_»lt,)}—anBalb_n(r,) - b_»(r,)t] (5.9) 
where c4, b, have usual meanings. 


6. As an example of above section 5 we consider an elliptic hole within a confocal 
elliptic crosa-section and materials are within region bounded by confocal ellipses i.e. 
curves Ci, Cs, Ca of section 5 are confocal ellipses. The mapping function in this 
case 18 i 


g = w(e) = (e^ 1) 


T 


transforming the boundaries C,, Ca, C, into circumferences of circles of radii fud 
in the o-plane. We have 


20T, = d, 04, 2cr, = G4 b,, 20r, = des b,, 
2 _ 2 2 _ c 2 .. 
4c = a, —b, == a, —b, — a,* — b4? 


where a, b, etc. are semi-axes of ellipses, 
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In this cage constants 
a, =4., = C, all other a, = 0 


b, = c*r77, b_, = c?r* all other bp = U 


1 = ‘ 
Cy = elo: TÜ ‚6, = cir g C ag = a all other Cn = 0, 





A, = e Balts“ E 
halra — rr, f) Halt rin, + ru) 


yit E fa es E te See we te) 


B,=e 
8 Haal 1, Dk Fe Oh — Ta kr 


cla (ty "pa nnt n) ad + sie? n ns Is - "n 





Aa iin a 


A e E n 
i falfa ^ —r rs n tar, Hr +1747 *) 


a {rt + re “ara? deit + dt eg Ue "lr"? =n 


B. LM E a URL REUTERS TR A 
` (ry * — 14 *) (0, “4 + fo) +t ar * eph Tt^) 


all other A n, B, are zeros 


NN ern pon Tr) Unter rel, rn) 


If we put fs = fs, Hı = Ha, we get the case of an isotropic cylinder whose cross-sec- 
tion is bounded by two confocal ellipses. The result agrees with that of Stevenson (1948). 


T. 


eircles 
(x —h,)? + y* ES ee (r = 1,89, T>?) 


and the material of shear modulus a, 18 between 
(e—h,)P+y? = k? and (z-h +y? =k,’ 


and that of shear modulus pa, between 
(2—h,)?+y? = Hh (h) ty? = k,? 


Let the mapping formula 





In this case a, = C, nO and a_, = 0. 


2 
ba = L6. =ch(r) nz0;b,-rch(r) n>0 





Ca = nch(r) tk, Can = km ir) A201) 


As a second example we consider the cross-section bounded by eccentric 


(7.1) 
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© A = gil ns?) pir) —p(r)) + us f2r,!"p(r;) — (747 + 757") (rs) — (Pa? — ra plr) 
oe in u, (r,?? = 72m) (rn E" r2") bes unm E ri") (r^? = r,2") 


p. ca e rm) ipn) — pt, + as fp(r) —p(01] - ultra?" — 7? fp(0) — prs) 


le ny?) 





where p(r) = (T = Tis 74, Ta) 
If we put above r = 75, u, = Ha the result agrees with that of Stevenson (1948) 


for a completely isotropic case of the uniform material. 
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A NOTE ON CERTAIN PLANE SETS OF POINTS 


By 


H. M, Sen Gurera AND N. C. Basu Mazumpar, Calcutta 
(Recewed—Aprıl 9, 1954) 


In an interesting note Randolph (1940) proves that the distance set for Cantor’s 
discontinuum takes up every value in the intewal Oxtzz;l. W. R. Utz. (1951) gives a 
simpler proof of the above theorem. 


Following the method used by Utz to prove Randolph’s theorem; we construct in 
this note a plane set E of the first category and of mensure zero contained in the unit 
square Q whose vertices are (0. 0), (1, 0), f1, 1) and (0,1), such that any straight line 
y = maz-+c, which is not parallel to either of the axes and which has a point common 
with Q, has at least one point common with E, 


Let n be a positive integer. We divide the interval Ozzzzzl which we call I into 
(2n--1) equal paris and suppress the open middle sub interval, viz, n/(An+1)<z< 
(n+1)/(2n+1) from J. There now remain {wo closed subintervals each of length 
n[(2n--1) one to the leit and the other to the right of the interval suppressed. Wo 
denote them by I, and J, respectively. Each of these subintervals is again divided into 
(2n +1) equal parts and the open middle interval from each is suppressed. The length 
of each of these two suppressed parts 18 n/(2n+1)?. There now remain four closed 
pubintervals. Two ot them he in Zj. We call them Žao, Z,, and two of them he in L. 
We call them Join, Mach of these intervals is again treated m a similar manner. 
Four open subintervals each of length n7/(2n+1)? are now suppressed, and two closed 
subintervals survive m each of the tour closed subintervals Isos Jan, Dio Jai. The 
subintervals that survive in Zj, may be denoted by Joen Joe 7 those that survive in I,,, 
are denoted by Toun, Ioan and soon. The process being supposed continued indefinitely 
nn everywhere dense set of non-overlapping open intervals of measure unity will be 
eliminated from J, 


Let us write 


I, UI, = IO 
Iso U Jan UI Ula = 22 
50. EA DJs eon 
Evidently 1219519 519-2... ‚and each I® ı8 closed. Then inner limiting set 
IDE MN AO EE , 18 à non-dense perfect set of measure zero on Usel. 


We put a similar set E", on the unit interval syl on the y-axis. Let Eg, be 
the product set ot E'n nnd E",. E18 thus the set of nll points (x, y) of Q where z€E', 
and yEE” n. 
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It is easy to prove following Utz that given m(Æ0) such that 1/(2n + l)<[m|<2n +1, 
if the line y =mg +c has a point common with Q, then it has at least one point common 
with En» i ' 


- ` 
a = 4 - u = ae he - 


Giving to n the ls 1.2, a. risus EE we construct an enumerable sequence 
of non-dense perfect sets Hy, E,, Hy.........all lying in Q. Consider the union 
E-HBUEB.QUE,U......... Ihe set E 18 contained in Q-and is of the first category. 


Itis of measure zero. 


Now, take a line, not parallel to either of the axes Its equation is y = mz4o, where 
ms, ` Suppose, it has a pomt common with Q. It is possible to find a positive integer 
n such that 1/(@2n-+1)<]m |<2n +1, So the line will have a pomt common with E, and 
therefore common with H. - 


Note :—In order to shew that every set of the first category lying in Q, even if it be 
everywhere dense m Q, and has the power of the continuum does not necessarily possess 
the above property, we consider an everywhere dense set of points A lying in Q defined 
by Ge, y), where e runs over all rational numbers in 0<e<I, while y runs over all 
irrational numbers in O<y<l. The plane set of points A is everywhere dense in Q and 
is of the first category. 


T. -— 


Now take a line y = ma +c wien maio iuto m iud c are rational. Any point (a, B) 
on this line_is such Tiu either both of a and RB are rational or both are irrational. So, 
eyen though the line may have points common with Q, it would not go through any 
point.of A, WER 


. We now prove the following theorem, 


Theorem. For any set En as constructed above the distance set between points 
of the set completely fills the closed inita Osa 2, and that to any d such that 
O0<d< 2 there are an infinity of pairs of points of Eu such that the distance between 
points of each pair is precisely d. 


` Proof. Firstly, let d lie in cel. It is possible to choose infinite pairs of 
numbers (e, f) such thate*+f?*=d?. Here 0-Ce d ; 0</<d, and e may take up every 
value between 0 and d, and e being chosen, f is determined by, f = (d?-e’)t. Now d 
being given we take a fixed e such that O0<e<d. Then there are two points by Randolph’s 
Theorem on E',, P and z? say, the distance between which 18 precisely e. We now 
take the corresponding f = (d’-c”)t. On E”, there are two points yp and y(2?, the 
distance between which is precisely f. l 


_ 


Tona the acne (aD : yP), (D, yD), (207, yD) aud (x), y). These belong. 
to E„ and form the corners of a rectangle, one of whoso sides is c inlength while.the other 
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side is f. lt follows that the diagonals of the rectangle are each d in length, The 
distance between the points (<P, yP) and (x, yD) isd, Also the distance between 
the points (2), y) and (x, yP) ig d. 

Now, take another e say e’. To this, there corresponds another f. We call it f', 
such that e?+f? = d. 

Io e’, correspond a pair of points on E’, which we write as z( and 22” euch that 
the distance between them is 6’. At least one of these points willbe different from each 
of the points x and 2°), 

Thur proceeding as before. we get a rectangle distinct from the above, with corners 
on E, such that its diagonals are each equal tod. We thus get a different pair of points 
of En, the distance between which is d. 

As to a single d, the set of values that e may take has the power of the continuum, 
the number of rectangles -that emerge with corners on En and having diagonals each of 
length d must be infinite. For the contrary assumption, forces us to the conclusion that 
the pairs of points (sV, z(2) ete on E", having distance 8 between them, where Set has the 
power of the continuum is finite, which 18 impossible. 


C 
p Q 


A B 


lf 1«d« 42, draw AB = d, If C be the mid-point of the semi-circle, 4C = BC<1. 
We may therefore tuke two points P and @ on two sides of C such that AQ = BP =1, 
We may therefore make ¢ take infinitely many values between d/42 and 1. and 
once 6 has been chosen, we take f such that 6*--/3 = d?, And the argument indicated 
above provides us with an infinity cf rectangles with corners on Em each having a 
diagonal equal to d in length, where 1-«2d« 42. Ifd = 42, there are two pairs of points 
(0, 0), (1, 1) and (0, 1), (1, 0) the distance between each of which is y2. This completes 
the proof. 


DEPARTMENT OF PINE MATHFMATIOS, 
CALOUTTA UNIVLUSTIY. 


References 


Randolph, J. F ‘1910), Amer. Math Monthly, AN, 519, 
Utz, W.R (1051. Imer Math. Monthly, 48, 407. 


ON THE CONVERGENCE CRITERION, OF AN 
OSCILLATING SERIES 


By 


Fu Cnens Hsıang, Taipeh, Taiwan 


(Communicated by the Seeretary— Received March 26, 1954 ) 


Suppose that 9(t) 18 an even function, integrable in Lebesgue sense and having Ze 
as its period. Let its Fourier series be 


(1) 
p(t) sa $a, + > Gy COB nt. 
n=] 


Let n 
84 = $a, > a, 
,=1 


be the n-th partial sum of the oscillating series Xan, Write 
i 
P(t) =l o(u)du 
0 


In this note, we shall establish a new convergence criterion* for the fourier series 
(1) at the point f= 0. We prove the following 


Theorem. Let A be some non-negative value less than unity. 


It () e(t) = of(log 1/7) ^1 
as t>+o and 
(ii) a4 7» — K (log n)^ [n 


for somo positive value K, then the series >a, converges to the sum 8 = 0 


Before establishing the theorem, we require the following lemmas. 


Lemma 1. Let op be the first urithmetic means of the sequence fsa}. If the 
condition (i) is satisfied, then oy, = of{(log n) A} as noo, 


Proof, We have 
= aay f dl Ke a u d 1) (LI | = J) 


1 
= el) (I, +I.) 





* For further references concerning the development of the convergence cııterıon of this type, of. Hardy and 
Rogosinski, (1046). pp. 45 and 96. 
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where 0 < y < $ being chosen previously. Now, 


"t sin 4(n+1)t\4 ax IT feint NN? 
el Lem d SONY a Lal (TI 





it gin At 


= a(n+1) max | e(t) | «o dÉ : ) 


Deen (log n) V 


gin &(4 * 1) T 
lt — 1. 
CES Ses gin At ! 


I, = 2f p(t D Y at + oa). 


by (1), since 


Let the above integra) be denoted by I,. Integrnting it by parts, we find 


n = [ow (DT -jary f 00 eme tni A 


t 
cl? PO) (sn deer) SE di 


= O(1) - 3n 1,21, 


In order to estimate the order of the integral 7,, we construct a function 
p(t) = t7*(log1/0)7 *, where o « 1, < 1 being chosen previously. This function is casily 
seen to be monotonely decreasing in the uterval (8, [7 V") for any positive quantity 8. 
Writing 
t 


DI es 
i (log 1/t)* 


e(t). 


where e(t) = o(1) us i—59--0 und 


so Aly x 
I. =f +f = It, 


nr ew Ah 


men e(t) dr " 
s log 1/9* | 


— Afr Ady 
Leif - p(t) EH 
sl weg ET 


we seo that 
1, |= 





Se es POLES 77) max | e(t) | te 2dt, (norr <e" ^l) 


n77«l«s— V, 


= Ol(n-nxü-9) = ËCH 


(log n)^ 
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as n—>co, I, = o(l) by Riemann-Lebesgue’s theorem, Fimaly, we have 


ee -=f Sem(n+1)tdt 


anv [on (n+1)t dt = Omar), (nor LT < r) 


= O((log n) ^) 
since P(t) is of bounded variation. From the above analysis, the lemma follows. 


Now, we are n a position to define a special class of functions. A function f(z) 18 
said to be of the class K if 16 satisfies . 

(a) f(z) > 0 (05r 00), (b) /(ex)/f(z) bemg uniformly bounded for 0 zz e < co 
and Äere d, 

The following lemma is a very useful Tauberian theorem. It may be applied to 
many other cases, 


Lemma 2. Lc! (usb be a sequence of numbers. Let ois) and (zr) be two func. 
tions of the class K, If | 


(1) us = oe . (ue), 
(11) AM us > kn) 
for some positive value k, where Au, = Un Un Arty, = Aun, ÂA un and 
(m) p(n) = Ofn"y(n)} 
then Attn = oi(oy)1l 
as nm. 


Proof. From the conditions (1) and (n), we may clearly suppose that 
d [unl <p(n)e(n), 
Qi’) Aun > —A(n)y(n), 


where A(n) and p(n) are iwo non-mereasing positive functions, A(n) = O(1), p(n) = 0(1) 
as 1n—-oo. Takmgn > 4, | « in and noticing that 





r(r—1) | 
r —w~ D 
AT ls md opo PIG ee | E PN +(—-1)"ü, 


2] 
and Aue An FA 


= Apn- EAN 


— 
— 


+] 
= A aA unat A Uni t s HA Maei 
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we obtain 

l 

Lä, = ATus FA peg bees + A Unat D (lj HLA uy 

J>1 
= Á Una r-1 e d tineis + serron T Apin + Ai, 14-14 rl 
I 
+ Als glin-ler—a + sasono + Ar. elle? + > (l EC ] + DA tlupy 
- i=l 


where A,, Ag, ...... Au Ars E Ar being a sequence of constants numerically 


less than a positive constant A, since the coefficient A, (r <v<I+1) of tnr- vanishes. 
On the other hand, considering the relation 


Au, SA tg HA Tg 


— 
-— 


UN r — Arti -Y 
— A Upset A Aly, — AT dl Ti ben DEER = A Un- 


we obtain a second similar expression tor ATU, 


lA Up = Al Ung tA Unea t ee T Alina e + Alla nate, 
IEN 
= + Á' sees T secca +A i uale, +2 (l — į) ATTI 
where A’,, Ái, ...... A ERU. TRES Alt, being another sequence of constants 


numerically leas than a positive constant A’. In views of the conditions (i^) and (au), ıb 
follows that 
lAfun > —Afu(nt+r—Lo(ntr—1) + p(n t+7r—2)e(n + r—2) + 


+ p(n)o(n) + p(n i-r -1)e(n 0L 7-1) +p(n—lt+7—-2)e(n—-lLt+r—2) + ala“ 


[ 
+ u(n -De(n —0)j— zü-i +1)A(n — jn — 1), 
= 


Lire < Ai fuln t Dein +1) + pln + 2)o(n +2) t ...... +p(n+r)o(n +7) 


E u(n 04 1)o(n t D-- 1) ty(n+l4+2)o(nt 04-2) t ...... 
EA 
+p(n+l+rjo(ntltr)} + 2 (TAGUE (n +j). 


Considermg that 9(n) and Y(n) are both the functions of the class K and a(n) and 
A(n) are non-increasing and positive, we find 


lA'us > — Bulgn)e(n) - dän Win) 2 Uh ER 


> — By(3n)e(n) - CUL DAGNY), 
Aru, «B'u(4n;e(n) +C + Agr )ap(n). 
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Joining these two relations together, we obtain 
| Au, |  B'u(an)e(n) + C°PAEn) Yn), 


where B”, C? together with B’, C’, B and C sre absolute constants independent of l and n. 
If we take l = Un) = w(n){o(n)/W(n)}4, where w(n) isa positive function which makes 
in) An, then the above expression becomes 


| Aus [{o(n)y(n)t-* < B'u(4n)(ofn)) t + C'AQm)u(n) 


By (ii), e(n)/V(n) = O(n*). Since u(n) = oln), A(1) = O(l), we may choose o(n), 
not greater "e Mus so that Un) An and the right side of the above expression 
approaches zero as n tends to infinity. Therefore 


"Un  ot(e(n) -V(n))t]. 
The lemma 18 thus proved. 


Proof of the theorem. Since the condition (1) of the theorem 1s satisfied, from 
Lemma 1, we have o„ = of(logn)~A}. Take, in Lemma 2, r=1, ty, = non, 
een) = (n + 2) (log (n -2))7 ^ and p(n) = (n +2)! (log (n+2)A), then Au, = &, A?us = dp. 
It follows, from the same lomma, that 8, = of{(py)*} = o(1). Ihis proves the theorem, 


It seems to the author that our theorem can be improved further as follows: 
Generalized theorem.* If | 
() A(t) = oft (log 1/t)-^] (> +0) 
jor some positive A and 
(11) na, > — ÉK(log n)^ 


for some positive K, then Za, converges to 8 = oand (ii) is the best possible condition 
of this kind, 


NATIONAL TALWAN UNIVERSITY, 
TAIPEH, TAIWAN, 


Reference 


Hardy, Q. H. & Rogceinshi, W. W. (1946), Fourier Series, Cambridge. 


* This generalized form, provided tue, includes of course, all convergence criteria of the same type, 
Cf. Hardy and Rogosinski, loc. ert, 
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ON TWO DIVERGENT DIRICHLET’S SERIES 


By 
NIRMALA Panpey, Allahabad, U.‘P. 


(Communicated by the Miss le February 17, 1954) 


1. In this note I consider the following divergent Dirich’ et'a ser'es and show that 
their som functions represent integral functions of s, 








Sexp| Ahn +" = on, O<A<2r, Deel - (1.1) 
2 log n 

= "EV 

Š exy| Ain d - SCH A>0, 0<y<Bca<l. (1.2) 
2 og 


2. Let us first consider ae series (1.1) and say that its sum i8 the limit of 





H(s,y) = - Zexp| Ain (k Sr ol (2.1) 


as yO, 


Now the series (1.1) is absolutely and uniformly convergent for Riy>k+b_ k 
(8 being an arbitrarily small positive number) and for all bounded vaiues ot 8. so that 
H's, y) is an ihtegial function of s and: an analytic function of y in the hait-plane 
Riy)>k+8>k. What I proceed to prove is that His, y) represents an integral function - 
of both the variables s ‘ind y, so that pin His, y) is an integral function of s, 


Put y - k = y’ and suppose, for a moment, Lhat y’ and 8 are both 1eal and positive. 
Let z^ have its principal value. Also let ff 8, and S, denote respectively the 
boundaries of a region S bounded by the lines 2 2 He", 2 = Re": and the ares | Arg 2 (<y, 
of the circles [s | = 1+} and | z | = +4 respectively. Then by Cauchy's theorem we may 


write 





n ' 8 SEN : 
Xoxp Am —y'— - an | = [ssp Eti raga on ds. (2.2) 


(e?r 1) 


SCH Aig — y'z[log2 SCH 


Let G(s, y’, z).— an | 


and let us proceed to show that 
few, 2, y)da 
converges uniformly to zero us E become s infinite. 


It is easy to see that 


| G(s, y’, 2) | = ol exp] -AR siny — y’ I aa sRéosgu | (Usch, 
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= 0 [exp [s — Alen — y' u - EE (- p ayal) 


for real and peilee values of 8 and y’. i S 


It therefore follows that the integral along S, converges unitormly to zero as R 
becomes infinite, 8 and y’ both remainiug real and positive. 


Henc for real aud positive values of 8 and y’ we may write 
S Ain- y m] = [+ [+ fe ^, aide 2:3 
Sexp| in- y po 8 AT | G(s, y’, 2)dz (2.5) 


Now the integrand being an integral function of both the variables s and y’ on tho 
finite path S,, the integral along S, represents an integral tunction of both s and a, 


Also for all bounded -values af 8 = c-r it and y’ = re", we have- 


R 


Í Glo +it, 70%, Row)dR = 








= o| f exp{ — ARsiny, + 





Als Sen) (2.4) 


and > 


J Glo +it, reg, Re~™) dR |= o| f exp[(4 — 2s] Remy, reo [Roja] (2.5) 





Hence both the integrals along 7, and J, on the right of (2.3) represent, by virtue 
of the conditions (2.4) and (2.5), integral functions of 8 and y’. ' 


The equation (2.8) was obtained on the assumption that both s and y’ are real and 
positive, but as the right sıde represents an integral function of both s and y’, it gives 
the analytic continuation of the function represented initially by the series (2.1) in the 
half-plane Ry)>k+8>k only. The sum-function H(s) ıs therefore an integral 
function of 8. l 


8. To consider the divergent series (1.2) we may consider the series 





o B 
H(s,y) = X oxp| Aims + nal -anr |, <y <B <l, A, (8.1) 
2 


and'say that the sum of the series (2.2) is the limit of (8.1) as y—>0. 


Now the series (8.1) is absolutely and uniformly ec vnvergent for R(y)æœh +82>k 
(5 being an arbitrarily small positive number) und for ull bounded values of 8. so that 
Dis y) is an integral function cf s and an analytic function of y in the half-plane 
R(y)>k+8>k. We may now proceed as in the last section and prove that H (s, y) is an 
integral function of both s and y so that H(s) is an integral function of 8. = 
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ON THE ANALYTIC CONTINUATION OF 
DIRICHLET'S SERIES 


By 


NiRMALA PANDEY, Allahabad, U. P. 


(Communicated Ly the Secretary — Received February, 17, 1464) 


1. This note is concerned with the study of the analytic continuation of the 


Dirichlet series 


X e(n)exp[ —51(1)] 


p 
where the functions f(z) and 9(z) are analytic in a cerain region and sabisfy in that region 
certain conditions regarding their order of maguitude. 

2. Now I prove the following theorem : 
Theorem I. 1f 
id = I on)exp[ —sf(n)] 


p 
where f(n) and ¢(n) satisfy the following conditions 
(0) fn)>0 for nzp, 


(i) f(a) and 9(2) are analytic functions of z(— ty = h+ Re, where p-1<h<,) 
in the region B(h, y,, Ya) of the g-plane J,4«z Argis — h) i, where 0 «V, Sha 
and —i«,«0. 

(i) throughout the region B and for sufficiently large values of | 2 | 

{(a)~2/loge 

whore log g has its principal value and 

(iv) eiel = Ole) e^t!) 

A and k being some real constants and. A «2m, then 

H(s) = G(s) + J(8) 


whera G(s) ı8 un integral function of 8 and 
J (8) = | o(z)e-*/ eda. 
p 
Both the Dirichlet series and the corresponding integral [ o(z)e-*/G) dr ate abso- 
P 
lutely and uniformly convergent in any fimite part of the region cz-k-87k. What I 
proceed to prove is that the difference between the functions represented by them is an 


integral function of 8. 
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Suppose then, for a moment, that s is real and, >k+d>k. With centre h and 
radius R = n+4—h, draw an arc of a circle cutting 8, und Sa, the upper und lower parts 


of S at M and L respectively. 


Now integrating the function 
{(ẹ(s)e 74t) leier —1)} 


over the closed contour S, ie hLNMh, we have, by Cuuchy’s theorem, after some 


simplification, 
a n a o(2)exp| —sf(z) | 
s g(n)exp[ sf(n)] J (een — 1) de (2.1) 





=f F(s, dés: f ion dz + J cel dat | u a de- f a g) da, 
(AN) (AM) u (AL) (e ) (LN) (e ) "TU £ =I 
where F(z) = ẹ(2) exp| —sf(2)]. 

Let us first prove that the last iwo integrals on the right of (2.1)>0 us Ræ, if 
s is supposed to be real and >K. 


I 
gin] 


It eun be easily seen that and ure both <k cexp(— 2z | sind |) on 











Q^ int] 


ihe ares LN and NM respectively, k, bemg some constant. 


Hence by virtue of the conditions (1j) and (iv), we have, over each of the two ares 
S, and 8,, for sufficiently larges values of R, und 8 real and >K 


| o(2) exp — ef(2)]] = Ole "Wl | exp[(K —8)f(s)] |) 
= O[exp{A 1 y1 + (K — s)( ph + Roos + q, Rainy) /(p,7+49,7)t] 


Hgny 
h + Reosy ’ 


where 
S p, = logy (h?+2hRcosy+ H7) and q, = tun”! 
q, having its principal value, 

Therefore the modulus of the integrand of each integral in question 1s 


(K-s)(p,h + Heosy + q, Rsıny)) M 


O|R expl -2r- A)R [sing | + SE 


for sufficiently large values of E, and s real und >K, 


Now, since, integration is to be performed with respect to y, it is cusy Lo see thut 
both the integrals in question >0 us R>oo, since A<2r and s>K. 


For 8 real and >K, we may therefore write from (2,1) 


His) = Lane) = f steiere, +1, (2.2) 
H A ! 
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where © (nA) saiz SANL) -sj(x) 
s f DCN de and nes mec a 


(6-276 — 1) (e? —1) 


Jr h 


l 
Let us now show that both I, and I, represent integral functions of s. 
If 8 is bounded, the last integral on the right of (2.2), is 


dal — (2x — A) Hsiny, + ET |. 


The integral J, is therefore un'formly convergent throughout any finite domain of 
the values of 8, since A<2r. Therefore I, represents an integral function of 8. 


Similarly Z, can be shown to represent an integral function of a. (2.2) therefore 
becomes 


H (a) — | g(z)e dx = an integral function of e, (2.3) 
h 
x p pe 
But J oí(z)e- dg = i e(z)e - Sl) da + I e(z)e =) dar 
h h p 
p i 
where J dz is an integral fnnetion of 8. 


h 


Wo may therefore writo 


As) | e(r)e - "dz = G(s), 
P 
where G(s) is an mtegral function of s, that is, we can write 


H(s) — J(s) = G(s). d (2 4) 


Since the right side of (2 4) is shown to be an integral funelion oi 8, 16 follows, from 


the principle of analytic continuation, that equation (2 4), obtained for 8 real and >K, 
persists for all values of 8. 


The finite singularities of H(s) are therefore identical with those of the integral 


f g(z)e Sdr, 


p 


3. If the hypotheses of the previous theorem hold and further ib is true that for 
sufficiently large values of | 2 | 


(=) (8.1) 


ogg 


D 


and p(z) = O([ eX) [g-DIv D (8.2) 
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throughout 8,, where D, a and f are real positive numbers and f<e<l, then tL. 
functicn H(s) is an integral function of 8. 


By Cauchy’s theorem we may write for s real and >K 


X (nje - J+ + fof -[ $e a A (8.8) 
H 


anit _ 
L LN J hM S SCH 


It bas been shown in the previous section that —0 as I-00, 8 being real and>K. 








LN 


Wo may now show that the same is true of the integral js 
NM 


Over the are NM and the line AM, we have 





L [<5 (a constant). 


Hence the modulus ot the integrand of 
(A) 


O[R exp{—D] y |* + (1? +77)*4(K — s)cosß6} | 


db exp] — —DR^*|sginey | + (K ut) d 


for sufficiently large values of R, the quantities /, r, and 0 being given by 


pılh+ Roosy)+q,Ramy , _ p, Remy qut Reosy) 


| = 
D, +q," pi +4, 


und 8 = tan-!z/l and p, und q, bemg defined as in the previous theorem. 


Therefore TL as Hoo, 


E: 





since D>0, <a and s>K. Hence for 8 real and greater then & 


HH (a) = am) tty , (8.4) 
a; (AD) a; (hM) 
=f su o IT o Sea. 
s (e Zeie — 1) : (erts — 1) 


Ihe first integral on the right of (8.4) is shown in the previons section to represent 
an integral function of 8. 
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Also the integrand of the last integral is 


of exp] —DR*® | sinay, [+| K-38 (3) dÉ 


for sufficiently large values of E, s being bounded, so that, since D>O and 8zis, the 


integral in question is uniformly convergent for all bounded values of s. Hence it 
represents an integral function of 8 


The function H(s) represented by the series in the half-plane ezeK +8>K is therefore 
continued analytically over the whole s-plane, according to the principle of analy tie 
continuation. Our theorem 1s therefore established. 


Examples. The following series represent integral functions of 8. 








(2) S exp| am SÉ EN | O<A<2r 
2 logn 
eo n B 

(1) Nexp [Am + (Kk - d -) | A+0, Basel, 
2 og 
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ON THE LINE GEOMETRY OF A CURVATURE TENSOR 
l p | By 
M, C, CHAKI, Caicutta,: 


(Recewved— May 18, 1954) ` 


1. Introduction. In his paper On the hne geometiy of the Riemann tensor” 
Ruse (19044) used the Riemann tensor in a Riemannian V, to define n quadratic complex 
of lines in an (n —1)-dimensional projective space. An indication of the nature of the 
n-dimensicnal theory was given in that paper and some results for a I’, and a V, were 
obtained. In the present paper a quadratic complex of Ines in an (4-—1)-dimeneional 
projective space bus been defined by the co-variant curvature tensor corresponding to an 
arbitrary affine ecnnection and results for a V4 and V, have been obtained analogous to 
those given by Ruse in the paper referred to above. 


2. The Geometry of 8,.,. Ruse considers the fcllowing projective geometry of 
S4.,. Let V, an n-dimensionul Riemannian space with the metric 
ds? = g,,da*da? (t, j = 1, 2,...n) (2.1) 
P(r") be a non-singular point of V, und let S4., be the (n—1)-plane at infinity in the 
tangent space ab P. Then if X? be a contravariant vector at P, A* may be regarded as the 
homogeneous co-ordinates of n point 1n the projective (n — 1)-space S,-, at infinity in the 
centred affine tangent space at P A covariant vector a, at P defines in Sa- the (n —2)- 
plane of equation a;X* = 0. The fundamental tensor g,, defines u non-degenerate (n —2)- 
quadric which will be called the fundamental quadrie and bas gy AX? = 0 and g’uu,; = 0 
as its point asd tangential equations respectively, us being the current hyperplane 
co ordinates. If £* are the co-ordinates of a point, then &,= gi€? ure those of its polar 
(n—2)-plane with respect to the fundamental quadric So, in general, the raising or 
lowering of all suffixes of any tensor of V,, by means of the fundamental tensor corresponds 
in S,,., to taking the polar reciprocal with respect to the fundamental quadric, of the 
geometrical eonfiguratiun defined by that tenscr. If X*, Y? are any two points of 8,.,, 
then p" = X!Y?— X"Y* are the co-ordinates of the line joining them und the lines in 8,., 
whose co-ordinates satisfy the equation 


Rp p” = 0 (2,2) 
where Rix is Lhe cd-vatiant Riemann tensor, form u quadratic complex in Su-ı. 
3. Preliminaries. Now, let us suppose that the Fa admits of a parallel dispiace- 
ment of a vecter defined by 
dVt+ I Vda = 0 (3.1) 


where l, is an arbitrary affine connection. Denote the co-varıant curvature tensor 
corresponding to I! by F, y. 
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We now introduce the notions of self-associute und self-conjugate affine. conuections 

after Sen (Sen, 1050). An affine connection Ty! is -uid to be solt-us:oviate if D t= D; 
where Dë = Di too. (he comma followed by indices denoting the covariant 
derivatives of tensor with respect to I‘, If, on the other hind, DI = Cy! then Ty? is 
said to be self-conjugate. It is already known that if I‘ is. both selt-asscciute und self- 
conjugate, then I'—1,] where {5} denots the Christoffel symbol and the covariant 
curvature tensor Fs formed of I‘; reduces to the covariant R emana tensor Rym. It 
E 
127” 


is also known that the tolal number of distinct components of Rysy = — This can 


ond 


also be verified as follows: If I'' is arbitrary then the total numbar of distinct 


= 4( 5 eis); where (2) =: DC, 
If T; is self-associate then this number 
n n n 
= + d ) + d ) 
( B 8 4 
In case T; is self-conjugate we have this number 


Gere) 


“Lastly, if Ij’ ls both self-associate und self-conjugute then the total number 


N n d 342 — 1) D 
» ) 9 4 12 d 


Put Egg = Fynt Pau + Pen, ris, (8.2) 


components of Rap 


. Then Ej, satisfy the following identitios of Egg 
Egg t Banz 0, Egg Eri = D and Egg Eja = 0, 


Let Ps = OF ua, av ES g Hot, Ey m g^ E ug. 
Then ' By = Gg (Paget Fun, Pac Real = (Fit aF tat Fy). (3.3) 
Also put Abo = E 


Then ` g",F; = ySgM Fy = gg MPa; = gg kPa; = gUg MF = LE. 
Similarly gË,Fy = 1E. 


T T D , 


Also, EY? = gig Bun, QFU = gig Da, FU = gg?" Bann, 
Therefore EI = gimp E an = gig gag ay Himnk = Jpg- 
Again Rn = gg Emn = g*üngingM, a = gP grg Eg Reen = Ypg. 
Similarly aF” = gpf P. | 
Therefore EY = gea DD? = gra(Frig + Pipo + ant pow) — | poo + FY 4 fitt PC. (8,4) 
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We shall use the formulas (8.3) and (8 4) hereafter, We shall also use the alternat- 
ing tensor &y...z1, 8" "H (n indices) of components + Vg, 0 and +1/vlg), O respsctively. 
They are obtainable from on» another by raising aad lowering suffix. in the usual way. 


4. Quadratic complex Fyn in S,.,. IE Y*, Z*are any two polnts cf Sy, then 
p¥ = YiZI—Z*Y? are co-ordinates of the line joining them and the lines in S,-, whose 


co-ordinates satisfy the equation 


Fiap” a" = 0. (4 1) 
constitute a quadratic complex in S4.,. 
Since EB yup’ pF = 4F gp p” (by 8.2) 
the quadratic compex (4.1) is the sama as the quadratic complex 
E psp" ED (4.2) 
4 Em YZ YFZ! 
' fos: Zu os 
Now, put eem CH (4,8) 
where Imnpg = I mpÜnq — ImgInp- 


Then, in the undeilying V,a, L 1s the scalar ut Lol for the orientation determined 
vectors Y*, Zf. 


We have EguYZ Y*Z! = UF iyt Fpi) ZZ. 
‘Therefore the limes of the complex 
(Fynt Pa YYZ = 0. (1 A 
are the projective counterpart in S,_, of the orientations of the svalar L= 0. 
Then L = (L+ L). 
Now, (Eym— Lgiymptp = 4(Fia — AU, + Lagya) p"? p". 
Therefore the complex (Egg — Lgga)p"p* = 0 : is the same as the complex 
[Fai (La + Lagim] pp = (4.5) 


The lines of Lhe complex (4.5) are therefore the projective counterpart in S,-, of the 
orientations of the scalar L = 2(L, + Lal, 


B. The curvature tensor Ru fora V,. (In the present section all suffixes will. run 
from 1 to 8). In the S, atinfinity in the tàngeht space af a given non-singular point 
P(a*) of V,, the fundamental conic has 

ggX'X? = 0, guyu = H 
as its point and tangential equations respectively If Y', Z are any two points of S,, 
then pY = Y!Zi — ZiY? are the co-ordinates of the line joining them. 


Put p; = dept (5.1) 
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then-the p; are the sc-ordınates of the line in the ordinary sense, its oquation im current 
point co-ordinates X* being p,X* = 0. Now consider tae lines p? which satisfy 


! 
np! = 0. (5.2) 
If we write GP I MEME ~ (5.8) 
then (5.2) can be writen as 
G'"pip, = QO. (5.4) 


This shows that the lines p^ in. (5.2) all touch the conie of which (5 4) is tbe 


tungential equation. Since the complex 
F yep’ j^ = () (5.5) 


is the same as the complex (5.2), the lines of the complex (5.5) touch the conie (5.4), 
This conie will Fe called the conte envelope Fyr 


Now gite / pq ~: gt qui g" 


gt! T np gi? 


q? qa (qu 
Therefore it follows from (5 3) thet 
GY = | y% um qu e 
HK Véi g^ | m IL at Qty E nam) 
gE ap 
= 29g RAK 
Thereione: — Gv age age ID ga I)e aged. (5.6) 
where F = Ab 


The conics ,FyX'X’ = tr and ,E,X'X» = 0 Let Y* beu fixed pont of S, und 
let X* be any other pomt on either of the tangents tbrough it to the conic envelope 
determined by the Imes «1 the complex (52) ‘Then p¥ = MY — A'Y* satisi} the equation 
(5.2) whence 

Du Att = (5.7) 

Regarded as an equation in current point co-ordmates A‘, this represents the pair 
of tangents from Y* Lo the conic. 

Thus if 8, = Emn A”, then S,X'X' = 0 i- the equation of the pair of tangents. 
from the pt. Y¥* to the ecnic envelope determined by the complex (8 2). Now, consider 
the equation 

LyX! = 0. (5.8) 


It represents a come in 8,. Written in full it is = 


gn p, ‘ning X fes O 
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C S From this it follows that the pair of tangents Sy = EinyX"A* from the point X* to 
the conie-envelope determined by Rap is apolar to the fundamental conic-envelope g”. 


Hence the conic (5.9) or (5.8) is the locus of a point such that the tangents from it 
lo the conie envelope Fan and to the fundamental conic-envelope g” form a harmonic 
pencil. EE 

Now, "EAN = ge (Figs +P ain +E njin + Bram) A'A? ad 2( P. + Fy) XX. 


Hence the conic (5.9) passes through the four points of intersection of the conics 


FATA! = 0 
| (5.10) 
gif, ATX? m0 

The tangents from each of these four points to the conic-envelope En and to the 
fundamental conic-envelope g? form a harmonic pencil, 


But the conic-envelope E;j; is the same as the conic-envelope Fan We have 
therefore the following resu't: : 


The points of intersection of thc conics (5 10) are such that the tangents from cach 
of them tothe conic-envelope Rau and to the fundamental conic-envelope gy, form a 
harmonic pencil, s 


Let us now suppose that I, is self associate. Ihen Fg Fan = 0 [Sen, 1950] 


Therefore ,F,, = ‚Fi. Hence, in this case, each of the conics (5.10) ıs the locus of 
a point such (hat the tangents from it to the conic-envelope Ron and to the fundamental 
conic-envelcpe deg form a harmonie pencil, 


This result can be stated ns a theorem in the following form: 


If Fax is the co-varıant curvature tensor corresponding to a self-associate affine 
connecticn and Fy = du je, then the conic F X'X? = 0 is the locus of a point such that 
the tangents from it to the conic-envelope Fiu qud to the fundamental conic-envelope oni 


form a harmonic pencil. 


New, f^] is a self-associute affine connection, FR, 18 the co-varient curvature tensor 
corres; onding to f] and Ry zua, Hence the Ricci conic E,,X*A7 = 0 18 the locus of 
a point such that the tungents from it to the conic-envalope an and to the fundamental 
conic-envelope y? frema harmon c pencil, a result already given by Ruse in the paper 
mentioned earlier. 


Prinoipa! directions determined by 3(F.; +E). If I‘ is self-associate, y= y= Bo 
(say), then Ro ie not symmetric in | and j. Put La = $(F),+F,). Tho tensor Lu and 


the fundamental tensor 4, , therefore define 4 null vectors 


t D + 
£t = (ayeee. £u) 


at any point of V, cach of which satisfics 


Lyf’? = 0 - (5.1.) 
and l ef = H (5.12), 
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.In 8, the £* are respectively the co-ordinates of the points of intersection of (6.11) 
and (5.12). 


Now, consider the points which have the same polar with respect to (5.11) and (5.22). 
Tf h* be suck a point 


Lh! = Agah’ where A is a Scalnı. 
or (14, — Ag)h* — 0. 
When the roots of det|L,—A9$, | = Q areall distinct, there will be three such 


points Jo. 


In V,, they determine the three principal directions corresponding to the Long Thy 
|Eisenhart, 1926, p. 107] We have therefore the following result: 


If Ron 18 the co-variant curvature tensor corresponding to u self-associate affine 
connection, Fy = g" Faye, Ly = HU En) and det |Ly-Ag,!=0 has all the roota 
distinct, then there exist three points which have the same polar with respect to the conica 
Ly and gy and they correspond m V, to the three principal directions determined by Lg 
1.6., by (Py + PF. 


If Tf is both self-associate and self-conjugate then (oui = {5} and the following 
result of Ruse follows from this: 


If the roots of det | R,;—Agy| — 0 are all distinct, thore exist three points which 
have the same polar with respect to the Ricci and fundamental conics and they correspond. 
in V, to the three Ricci principal directions, 


6. Quadratic complex Rau for a V,. (Hereafter all suffixes run fiom, 1 to 4). Tf 
AT, Y' are two points in the S, at infinity associated with a non-singular point P(x!) of V, 
and if us, v, are two planes passing through the line joining them, then 


p" = X'Y?— Y*X?, "Py = 19, — v,u, (0.1) 
are dual sets of Plücker co-ordinates of the line. 


The relation between the two sets may be writlen in the equivalent forms 


p? = je ng, ns, = hepa, (6 2) 
In 8,, the complex determined by E,,; has dual.equabions 
Epp = 0 EYR Op pyu = 0 6 8) 
where ? gus = Zeite EI apr d (6,4) 
Now, Eip p = 4P, app"! 
and "RT Py Dar = Jenno + Famy + P pgmn + Fam) Du Pu 


"dn 8,, the eomplex determined by Rou has dual equations 
Frapp = 0 "uf pis pi = 0 (6:5) 


where i = ei Wëne ML Eug + Pamap + F pgmn + F opnm)- (6.6) 
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The polar complex has dual equaticns 


FYE y ypu = 0 and "Fy p’ pt = 0 (6.7) 
The Quadrios ,F;X'X^ = 0 and ,F,X'X/ = 0. In 8,, consider the quadric 
g” Baan X*X7 = 0. (6.8) 
Since Oman? = Lat, Bai Far WANT 
m Y Pat EAR 


the quadric (6 £) passes through the intersection of the quadrics 


‚PyXX) = 0 
(6.9) 
P XXi = 0 


But Fj4,4,X*X? are tho co-ordinates of the complex cone of the point X*, 


So, g™ Han ii —0 ie., E4X'X! 20 18 the locus of points X* whose complex 
cone are outpolar to the fundamental quadrie envelope oi. We have therefore the 
following theorem . 


The points of the conic (6.9) arc such that the complex cone of cach of them is 
outpolar to the fundamental quadric envelope gY. 


Suppose now that Led is self-associate. Then ‚Fy = Fy. Each of the quadres 
(6.9) is therefore the locus of points whose complex cones are outpolar to the fundamental 
quadrie envelope g*. 

The above result can be s'ated as follows: 


For every self-associate affine connection of which the corresponding covariant 
curvature tensor is Fyn and Fy = g“Fing, the quadric F,X*X* = is the locus of points 
whose complex cones are outpolar to the quadric envelope ui. 


If, the affine connection be both self-associate and self-conjgute then D = [5l 
and we get the followmg result of Ruse: 


The Ricci quadric RA = 0 is the locus of points whose complex cones are 


outpolar to the quadric envelope g”. 


7. Self-polar complexes. Let us suppose that the complex Fyup"p* = 0 is self- 
polar with respect to the fundamenta! qundric. Then the e :mplex E epp = 0 is also 
so. Therefore the co-ordinates E*7 of the polar complex are proportional io the duai 
co ordinates *Ev* of the original complex, that is 


KEH = Rel where K is a scalar. (7.1) 
Bat ouk — POH A (JEER + gt git gil fe — gk pst) — Aan bt. (7,2) 
JU TIN kirch = BUM 4 (gg A o (Eé gUBIk- ER) — Ae! 


or (K-1)EUR = (gh EF + gh Eit — gh EF - geet — 3g" "E (7.8) 
4-—1906P— 4 
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or (K — 1)gg EV = gag” EP +...) Ag gh "E 
or (K —1)E = — 9E 4494p 
or (C - 1) E* = 1g" E = 2g"F 
Therefore (+ 1) FU + .FUH--.EU.L. pH) 2 994p (7,4) 


Hence (7.4) is the condition for the complex Rap to be self-polar. 


If K#£-1, (K+l)gaE* = Ooooh 
or (K+l)E=8F, or (K+1)F =2F or (K-1)F =0 
Hence if E, Wo 
whence | FY E EH Eh RY gif 
or ot Put lht, Fit = gu P (7.5) 
If F — 0 and K£-1, then | 


FU Ply Po bh = 0 by (7.4) and (7.5) still holds. 
If, however K ——1 theh F= 0 by (7.4). 


But ir Fit. F" jg not necessarily zero, and by the covariant form of 
(7.8), we get 


Egi = — $(guEjg tert —ggE, —9 2B a) . (7.52) 
or Fort Rat Finst Fag = — 3 ga( Pot Pat Fy t FU) + onl Fu + Pat Pes + VF) 
— gu Fg Fg Pig + oF es) -gaa Py + Pad Put PM (7.6) 
Hence we have the following result. 


If the complex Rap i8 self-polar and such that 
FÖM QAAE | bid piki opok ' (7.7) 
then Pat Fut Put Fyt = gal (7.8) 
where the scalar F may or may not be gero, ; 


But if the complex is self-polar and such that 


Fir) ik) pkj If opit | (7.9) 
then F=0 (7.10) 
and Fg Fyt Rue + Pugs = — [ga Pat Pt FL Fy) + gl Fat Piet FR VPE) | 
galt Foo Py t oP ey) — gu Fut Far Fut VFu)] (7.11) 
Since gal XX! = 2[ Fut Fy] X*X!, in 8, (7.5) means 


that the quadric (Fat ai XiX! =(0 18 identical with the fundamental quadric if FÆ0 or 
is non-existent i} F = Q. 
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If I’, is self-associate, then ‚Fy = „Fi, = Fy (say) where Fy is nob symmetric in 
i und j and (7.5) reduces to 


Fat Fu = &gaF B 
ic, &(Fa+EFuy) = 4gaf , (7.12) 


Tf (7.19) . holds everywhere in V,, then V, is homogeneous with respect to the 
tensor $(Fu+Fy)]| Spain, (1958), p. 25, Eisenhart, p..114] i 


Further, in this case the quadrie F,,X'X' = 0 is non existent if F — 0. The meaning 
of this is that the complex cone of every point of S, is EE to the fundamental 
quadric envelope on. 


If Uu is both self-ussociate and self- gousie When (7.12) reduci to Ru = tgeh 
and if this holds every where in V, then V, is an Einstein Space; This resunt has also 
been given by Ruse in his paper. 


Since F = o, bau = g*",F, the geometrical meaning of (7. 10) is that either of the 
quadries QFQXSMX = 0, Fy XX = = 0 is vutpolar to the fundamental quadric envelope g®. 
(7.5a) means that the complex Eyr consists of lines which meet the quadrice gy and Ey 
in harmonically conjugate points Hence the complex Fx consists of lines which meet 
quadries gy and fy t QE in harmonically conjugate points. 


So, the geometrical meaning of (7.11) Is that the complex Fi consists of lines which 
meet the quadrics g and ,F,,+,F,, in harmonically conjugate points. 


8. A set of null vectors. The identities satisfied by the Plucker co-ordinates of a 
]ine can be written the form. 


teu ep pF = 0 ) (8.1) 


Now, if the Plucker co-ordinates of a lino in 8, be interpreted in the usual way as the 
co-ordinates of a point on the 4-quadric (8.1) in a five-fold space then either regulus of 
the fundamental quadric in S, is represented in the five-fold space by a conic on the 
quadrie (8.1) the plane of which will cut the quadríe of equation Epp" = 0 in a conic. 
The two conics, if not coincident, will intersect in 4 points which correspond in 8, to four 
lines of the regulus. Eight generators of the fundamental quadric, four of each system, 
therefore belong to the complex Eye i.e to the complex Fig. So, in general, there are 
16 points on the fundamental quadric, the intersections of the two sets of 4 generators, 
Let £*, 4! be two such points. Sınce both these points lie on the fundamental quadric 
gyX'A? = 0, they define null vectors of V,. - If they lie on the same generator of either 
system they are conjugate with respect to the fundamental quadric and moreover the 
Ine joining them belong to the complex Fon, 


So, Ju" — 0 and Een = 0 (8.2) 
or gi £r. = 0 (8.8) 
and (ont Py) Er El = 0 (8.4) 
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On tho other hand, if £*, ar do not lie on the samo c enerator, 
joe ri 450 and (Fig +F ix) £y Ea D 
Now, in V, (8.8) means that £ and af are perpendicular. 


If the four generators of the one system by numbered 1 to 4 and those of the other 
system be also numbered 1 to 4 and (Gah is the point of intersection of generator p of 
the one system with generator q of the other system then we have the following result: 


In V,, a covariant curvature tensor Run and the fundamental tensor 9,5 determine in 
general 16 null vectors rpg) such that 


Jyo héa 1, = Q if either p = r or q = 8 or both (8.5) 
and (Font Fian) néo Eo pto 15 = 0 if either p= Tf (8.6) 
or = 8 or both, 


From (8.5) ıt follows that each of the null-vectors is perpendicular to six of the others, 
namely to those which have the same p or the same q as the vector in question. If If 
self-associate then the null vectors are such that (8.5) holds and 


Furbo hie £g 5o = 0 i£ either p = r or q = s or both. 


If I’, is both self-associate and self-conjugate we get the 16-null vectora obtained by 
Ruse where the vectors are such that (8.5) holds and 


Rilo ne Enkei = D if either p = r or q — s or both, 


My thanks are due to Dr. R. N. Sen who has kindly directed me to the literature on 
the subject and taken interest in the preparation of this paper. 
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ON A MATRIX REPRESENTATION OF HOMOGENEOUS 
ALGEBRAIC FORMS 


By 


DIB SANKAR SARKAR, Calcutta 
(Communicated by Prof. R.N Sen Received June 7, 19544 


^1. Several aspects of p-way matrices, their functions, faetorisations and applica- 
tions of their functions to polyadies, quantics ete. have been discussed by R. Oldenburger 
(1936, 1940), L.. H. Rice (1918, 1930) and F. L. Hiteheock (1925). A p-way matrix of 
order n is formed of n? elements and is written as 


ll Quae d m (1) 
The elements (a,, ...4,) can be placed at points (i,, i,....... ,!p) 1n a linear p-space where 
nep 2, D M for I = 1, 2.0.2, np. The matrix ean be separated into n-layers in 


any of the p-directions ; a layer is a (p—1)-way matrix of n?-! elements. According to 
Cayley-Rice law of multiplication (Rice, 1918, 1930), the produet of a p-way matrix P of 
order » and a q-way matrix Q of the same order n ia a (p+q—2)-way malrix of order m. 
When p,q >2 the definition of multiplication depends on dividing P and Q into sets of 
parallel layers and sublayera till they are reduced to 2-way matrices and then multiplying 
the corresponding layers of the two matrices according to ordinary way of multiplication. 


Using the above notions, the object of the paper is Lo find an application of the 
m: trix (1) in obtaining a matrix representation of homogeneous algebraic forms of degree 
pin» variables. For our purpose the destinction between the cases p =n and p#n is 
immaterial. To simplıfy matters we shall consider particular cases when p = m = 8, 4. 


The general result would follow easily from the trend of argumant given in the particular 
cases. 


2. When p = n = 8, we get a 8-way matrix of order 3 formed of 3° elements: 


[| aun |a (2) 
Let us suppose that the indices !, j, k correspond respectively to directions which give 
rows, columns and normals Then the matrix (2) can be divided into 8 row-column layers 
in which the third index remains fixed and into B row-normal layers in which the second 
index remains fiixed and into 3 column-normal layers in which the first index remains 
fixed. Rows, columns and normals are generally called files. These three sets of 
parallel layers running respectively in three directions are 2-way matrices of elements 
and the three sets of parallel files are 1-way matrices of elements. Two layers in different 


directions intersect in a file and three layers in different directions intersect in a single 
element, 


. Let us now suppose that the elements got of (2) belong to a field F and satisfy the 
condition that they are symmetric in the indices i, j, k. This means that the matrix (2) 
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is symmetric in the diagonal cantaining the elements tiro Garg) aan, Lb therefore 
follows that (2) can be represented by the three ordered parallel layers corresponding to 
any one of the three directions. Thus the symmetric matrix (2) can be represented 
without ambiguity by l 

Qiri Qis Dua! Gari Gas ary | Oair F312 S313 


S = || Giz Giaa Qizg | aa Gaas 0333 | Gssi 02232. 04323 (8) 


ran 0133. Giss | 2931 C223. Caras | 4331 @ss3 333 
Now using Cayley-Rice law of multiplication, let us multiply the 3-way symmetric 
matrix S given by (8) from the left by the 1-way matrix X = || £i, 2g, z, || of order 3. H 
A,, A4; A, are the layers of S as given in (3), we obtain the following 2-way matrix 


of order 3: 
XS = || XA,[XA,| XA, || 
= [| Sot yy, En: ya, 222,54 | ALAg yr, 2250,,5, 22/045, | DAs 51, 3250, jg, 34055, || (4) 
or, putting bis = 2yTjAyz, (4) can be written as 


l | bn, Dia, b, | Don Da, bis | bzi, B53, bsa || l (4’) 
where bg = by. Just as the matrix (2) was represented by the form (8) and as this 
representation is a one-to-one, so the form (4) i.c. (4) can be rearranged to form the 
following ordinary 2-way symmetric matrix, 

ZLA, ji 2240, ja 240,55 
XS = || 3750,55 DTG. 22,845 e " 2 (5) 


2205 ji 20, js 3705 Js 
It now immediately follows that if X* is the transposed of X, then, 
X(XS8)X' = DATTE. 
It can be verified that the same cubic form can be expressed by 
X (SX) X*. 

From the nature of multiplication ag used above it follows that a homogeneous 

cubic form Ya; in 3 variables can be represented in the matix form 
X(XS)X! = X(SX9X', (6) 
' where S is a 8-way symmetric matrix of order 8. 

3. We shall now consider the case when p —n —4 Remarks on the Zong 
matrix of order 4 similar to those on the 3-way matrix of order 8 can easily be made 
with, of course, corresponding change of notations. Let us suppose that S is a 4-way 
matrix of order 4 whose elements gon are symmetric in all the four indices. This 
implies that every layer and sublayer of S is a symmetrie matrix. Then as in the last 
article we can write i - 

S = || P, | Paf P. [PLI] 


where the parallel layers P; i = 1, 2,8, 4, are 3-way symmetric matrices of SCH 4. 
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Now each of layers Pa i= 1,2,8,4, can again be subdivided ‘into 4 ordered parallel 
layers Pj, Ps,, P4, Paa which are 2-way symmetric matrices of order 4 and therefore 
can be represented uniquely by 


IP Pal Pu E EE E 4. 
If X 2][2,,2,, 2,, £4 || i3 à 1-way matrix of order 4, then 
AP, = || XP,,| XP, | XPa | XPa || 
Now according to our definition of multiplication XP; is a 2-way symmetric matrix 
of order 4 which can be ropresented by 


ATE hy DEA ka DLAs ks DM ke 


l XP, | zur 
Zrud;k; Dipl BGs  DCkOuk. 
b, Du Bais Do, 
_ = S Ge iii z B;lsay), i = 1,2,3, 4. 
bu bua bius bus 
Therefore, XS = || B,| Ba} B,| B, |l, 


which is a 3-way symmetric matrix of order 4. Further multiplying by X from the left 
X(XS) = {| XB, | XB,| XB,[XB,]]. 
As before XB; i = 1,2,8, 4, is a l-way matrix of order 4: 
|| Zebi Ibiza Audi Zæbiza ll 
=|| Cii uy Ca Call He (any), T= 1, 2; 3,4 


Thus X(XS) = |[C,|C|C,|Ca || isa 2-way symmetric matrix of order 4, which 
can be represented a8: 


| C11 5 13 Cis C14 


It is now immediately seen that if X? is the transposed of X, then 
X(X(XS)) X! = Zag utt (7) 
[t can also be verified that the same biquadratic can be expressed by 
X((XS)X9X! = X((SX)X9) X! = X(X(SX9)X* 
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Thus it follows that a homogeneous biquadratic form ZXa;jr;rjrjz; in four variables 
can be expressed be 


X(X(X8))X! = X((XS)X)X'! 2 X(X(SX; EI = X((SX')X')xXx! . (8 
where S is a 4-way symmoiric matrix of ord:r 4. 


Following the same trend of argument it follows that the matrix 
AIR (X(XS);...... )A = X(...... (SX ees été (9) 


represents a homogeneous algebraic form of degree p inn variables where S is a p-way 
symmetric matrix ol order n, X = ||z,, £s, 25...25]] is a 1-way matrix of order n and X 
its transposed. In the first representation of (0) there arc p— 1 factors X to the left of 
S and one X‘ to the right and in the second representation there are p —1 factors X' to 
the right of 8 and one X to the left. 


In conclusion, I beg to tender my grateful thanks to Dr. R. N. Sen for his sug- 
gestions, help and guidance in the preparation of the paper. 


DRPARTMENT OF PURE MATHEMATICS, 
UNIVERSITY OF CALCUTTA. 
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SOME PROBLEMS OF PLANE STRAIN IN A 
CYLINDRICALLY AEOLOTROPIC CYLINDER 


By 


J. G. CnaraavonTY, Calcutta. 
(Communicated by Dr. 8. Ghosh—Recetved June 7, 1954) 


In a recent paper Carrier (1943) has developed the approximate theory of the 
stretching of a cylindrically seolotropic plate by forces acting in the plane of the plate. 
As an exact determination of the stress system satisfying the stress equations of 
equilibrium and the compatibility condit‘ons is very difficult, Carrier has determined only 
the average slresses in a plate cn the assumption that three of the components of average 
stress vanish. ‘he difficulty encountered by Carrier does not arise in problems of 
plane strain where we start with the displacement instead of with the stresses, SO that 
the compatibility conditions are automatically satisfied, In the present paper the following 
problems of plane strain in a cylindrically aeolotropic material in the most general sense 
are considered. (1) the rotation of a hollow circular cylinder about its axis, (2) the 
stretching cf a hollow circular cylinder in the direction of its axis, and (8) the intial stres- 
ses ın a hollow circular cylinder with radial fissure. | 


1. Introducing cylindrical coordinates r, 0, » we have for the strain energy funetion 
the expression 
— 2 2 2 
W = $0110 py + $C 34666 E Ostr + CagC 60€ ze t Ca CeO ue + C130 e$ C og Se 46,400 


+ Aëasgen? + Bosse! (1) 
The stress components are then given by 


Tr = Cii8rr $C yl og + C138 se 
00 = Gauss + Cag log t+ Gas "eg 


mme 4T 


OZ = C,.005 ZT = Gase: 70 = Cagl10 
where Cy = Cy. 

In strains symmetrical about the z-axis, we have only the radial displacement u, = u 
and the longitudinal displacement us =w and these are independent of 0. In plane 
strain, in planes perpendicular to the z-axis, u is a function of rand w = ez, where e is 
the extension (constant) in the direction of the z-axis. Then we have from the expres- 
sions of the stram components in cylindrical co-ord‘nates (Love, 1944, p 55) 


(3) 


Cor = Ge — Cr F 0. 
5—1906P—4 
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Substituting in (2) we get 


Cu 1L 
TT = Cirio Lëns Cial 
OT T 


pu. Qu u 
08 = Cat Caa- d 044€ | 
"gr O6, 


(4) 
~ ou u l | 
g2 = Ares t C390 | 
omm mmm P omma | 
0g = zr = v0 — O. J 


When the cylinder rotates about the z-axis, with angular velocity » the stress equations 
in cylindrical co-ordinates are (Love, 1944, p. 00) 





Or 1 Ord Ore m-ə , ] 

p ar a P^. e, | 

Ər 1 æ O62 9r : 

Or*r O° ot + —O m 
Ore 1 gës, Ges Ti 

Orr Os T 


Substituting from (4), we see that the last two equations. of (5) nro identically 
satisficd and the first equation reduces to 


Ou 0, Ou c " | 
rog bo Bou Ut lan) 7 t w*er = 0 (6) 
This equation gives 
u = Ars Broe + aer + br? (7) 
where a = Yoaltı, A= (Cay Cia) / (Ciim Caa b = —wu'e[ (96,1 — 64) (8) 


and A and B are two constants. 
We have from (4) and (7) 
Tr = a Arl 4. b,Br-e-14 c,0 +d,r? 
06 = (S ÀT971-- b, Bre- E e,0 +d, (9) 


— 


gg = MATI E b,Br-*-!  e,0 4 d? 
where 
a= (Cio + Cis), b; = (— Cua SÉ Cis) 
` (10) 
Gr = (Cy Goal Lëns, di = (8¢,,+¢,,)d 


i= 1, 9, B. 
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Assuming that rr = D on the boundaries r = r, and r = r, of the cylinder we have, 
a drl tb, Breite tdr’? = 0 
a ArT! +b Bry iee +d ri = 0 
from which we get 


geg 


G,À = koch, 71,7971) + kd (r 7*7 1r,  —r, nein?) 
(11) 


bB = =~ ke efrem re) kd (r emir rein?) 


1 ëm 
where nm a m] re ee? (12) 


h 


As in the isotropic case the tractions 22 at the ends of the cylinder cannot be made 
to vanish, but can be so adjusted that they have no statical resultant, i.e. 


Fi gies 
J zzrdr = 0 


Substituting from (0) we get 


atip ati ori. p ~etl 
a,A(r, 7i P b, Bir, 2 2 + dee(r -7?)- 1d,(0,* 7, = 0 (13) 
at] ups 


Substituting for A and B from (11), we get the value of e. When e is known 
A and B are determined from (11). 


2. If we put w= 0 and therefore d, = d,- d, = 0, we get the longitudinal 
etretehing of the hollow cylinder. The problem of longitudinal stretching for an ordinary 
cylindrieally aeolotropie cylinder has been given by Lekhniteky (1048), We get, instead 
of (11), the following equations 


a,A = keehi 97! —r,7*71) 
(14) 
b B = — ke elr! — rT?) 
lf T be the given longitudinal tension, 
Pg non, 
J gg rdr = T 
Aly sti pet! Bly matla p col 
or E no ou Be us a = ~-- +3o,elr?—-r?)=T (15) 
The equations (14) and (15) determine A, B and c. 
3. If we take 
u = fiù, v= Erd and w = ez (16) 


we see tbat the displacement is discontinuous across a radial hine, the discontinuity being 
Ze br normal to ihis line, Such a displacement arises in a hollow cylinder when a thin 
slice of the material bounded by the lines y = +rEx is removed and the plane faces are 
subsequently joined. 
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The stresses calculated from this displacement are 


i) 
| 
C. 
Ig 
+ 
C 
[en] 
Ww 
ATN, 
ix 
+ 
cu 
UNES: 
x 
C 
ts 
O 
a Ses A 


(17) 
os u 
22 = Ca roll = E) oe 
} 
ee | 7 
The first of the stress — of equilibrium reduces to 
Q'u ; Qu E o a 
11 Ba + ee, Ca + (Ca Cal = uo) = 8 (18) 
while the other two are identically satisfied. 
A solution of this equation is 
= Ar + Bro-etaer+ek (19) 
where z and a are given by (8) and 
€ = (Caa ™ Cia) / (Cr, 7 623). E 
Theu E 
"rr = Året +0, Breen! ce b e E ) 
T adre! +b, Broer! Aee teli (20) 
2% = t4 Are7l1-4 b, Brent ego te E J 
where a,, O, c; are given by (10) and 
6, = (Cy, F Goal F 044. 
The condition that the surfaces r = r, and r = r, are free from stress gives 
aA = kle,e e, E)(ru7*71 — r,72-1) 
(21) 
b,B — —h(c,e o E)(r7!— rp) 


where k 18 given by (12). 
The condition that the tractions across a plane 3 = constant have a zero resultant 1s 
el u = un aa + 4(Cye co, E)(r* —r) = 0 (22) 
The equations (21) and (22) deterinine 4, B and e. 
In conclusion I express my gratefulness to Dr. S. Ghosh of University College of 
Science fov bis guidance in preparing this paper, 


DANGABASI COLLEGE, 


OALCUTTA z 
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VIBRATIONS OF SPHERICALLY AEOLOTROPIC SHELL 


Bx 
J. G. CHAKRAVORIY, Calcutta. 


(Commiuntcated by Dr. 8. Ghosh- Receied July 16, 1954) 


Very few problems of spherically aeolotropie elastic material have been considered 
so far because of the inherent difficulty in solving complicated simultaneous. partial 
differential equations. Saint Venant (1865) has considered the equilibrium of a 
spherically aeolotropie shell under internal and externa! pressure and Seth (1046) has 
extended the solution to the case of finite strain Ia the present paper two problems of 
vibration of spherical shell of sphericaitly aeolotropıe material have been considered, viz. 
(1) radial vibration ot the shell and (2) rotatory vibration of the shell. In the solution 
of both these problems as well as those of Saint-Venant and Seth the success 18 due to 
the fact that only one of the components of displacement is non-zero, so thut two of the 
equations of motion or equilibrium are identically satisfied whereas the third reduces to 
an ordinary differential equation of the second order. 


Introducing polar co-ordinates r, 0, e the strain energy function for a spherically 
aeolotropie material can be written as (Love, 1944, p. 160) 


IV = hey et pet $C go (C749 + 0*,.) + Cia (609 + Coo) Cry 
+ CaaCpaC gt EC a4 get HC 55 (6747 t 07,4) (1) 
where Cag = Cam kun 
The stresses are therefore given by 


in 


D J A ta 








(2) 
99 = Cy glee t CasCog + C34€,, 
09 = Cyilag, PË = Ganser, TO = Cyy Erg 
Ihe components of strain in polar co-ordinates are given by (Love, 1044, p. 56) 
Qu, 1 Ou, u, 1 Ou u Ti 
= — , 0gg = - L— +—-,e, = — 2 4 — coth +T 
= Ge "  * 80 r''* rend Og "os r 
1 ( Qu, ) 1 Is 
Ca, = —| =t -u coth j+ — SE 9 
"rh 6 r rein d Əş 8) 
u 
E Düs p Op o Hg. u OU Mg T Og 
Train H Oo or r or r r 3 J 
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The stress equations of motion are (Love, 1944, p. 91) 


oun 1 Ord 1 arp Je L ^4 : 
“arty Siren By + rO 99 +r cote) = aii, 
Gë 1 000 — 1 9080 1 

r 80 " rsinó Se ^r 


Ore 1 96e GE WS i 
8r ' + 88 * rsinó Bo t 78T? + 26v cot 0 = gi, 





(86 — 99) cot 0+B76} = gil, | (4) 
| 
J 


1. Fer the radial vibration of the spherical shell we assume 
H, = User, we=0, uy =0 (b) 
where U is a function of r only. 


The strain components are then 


3U U U 
Cry = = el, gg = Es o9 e SS (6) 
0g, = Cor = Crp = O 
The stress components are 
ms gU U 
m= (o. "e 20,4 Dye 
oo eS Ul. 
00 = pp = D - + (655 + Goal Je” (7) 
} 


On, 


09 = or = TO — 0) 


Substituting in equations (4) we see that the second and third equations are 
identically satisfied and the first becomes 


SU 280, 2 U, op 


ar "s "om + ER (612 — Ca2— Caa) + eur U — 0. (8) 
Putting U =1r-tV we get 
OV 130°V S T) 
—— + - — — — H = 8 
or r Or dk r? ; (9) 
2 _ 8 2 _ op? 
where n? = 41 1+ en (Coat €,,— Cii) | and kA? = SE (10) 
i 11 D 


11 
A solution of (9) is 
V = Ad,(kr) + BY, (kr) : 
where J, and Y, are Bessel’s functions of the first and second kind respectively of order 


n. This gives 
U = rH AJ Ger) + BY g(kr)] (11) 
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Calculating Tr from (7) and (11) we get 


— 


rr = TR c kerf Ad’ a (kr) + BY a (kr)} + $ (401. — 0,,) (AJ (kr) + BY (Kkr)] ot. 
Using the recurrence formulae 
nl) = Jn-ı(8) — (n/2)J (a) 


Y'4(2z) = Ya-,(2) - (n/2)J«() 
we got pu : 
Tr = r| Afc rJ n-i (kr) + (46,47 041 7 2n0,,)) a(kr)} 


EA Bie, ‚krYn-, (kr) + $(4c,,— C1, nc 1) Yalkr)} je”. (12) 


If the boundaries of the shell be r = a and r = b, we have 7r 20 when r=a 
and r = b. 


A (2c, kaJ 4 (ka) + (40,,—0,, —2nc1)J (ka) 


+ Bi2c,,kaY,,_,(ka) + (40,4, —0,, — 2nc,,) Y (ka)] = 0 | (18) 
A{2c,,kbJg_,(kb) + (46,,—0,, — 2nc,,)J A(Kb)] 
+ Hie, kb Y... (kb) + (dc a —0,, ne, RAIER = 0 (14) 


Eliminating A and B from (18) and (14) we get the frequency equation as 


2c, kad, (ka) + (4e,,—0,, —2n0,,)J (ka). _ 2C eb 4, A (kb) + (46,5 — 0,, —2nc,,)J,,(kb) 


E e ee ap CUIU (15 
2c, kaY,,-,(ka) + (4c,,— 0,, —2ne,,) Y4tka) dc, kb Y, (Kb) + (dp ne, EIER | ) 


2. For rotatory vibration of-the shell we assume 


Up= 0, %W=0, u, = f(r) sin dei, (16) 
We then have Cre = Cog = Ges = Cop = Crp = O 
Cor = [re iu, | sin 6 e”! (17) 
T 


so that 


or = ell - fe gin 6 ef? | Q8) 


Substituting in (4) we see that the first and second equations are identically satis- 
fied while the third reduces to 





SI, Zä 2,, Pto 
CURE ee aes 


Proceeding exnctly as in section 1 we get 


f(r) = r-4[ Ad, (kr) + BJ LV (kr) | (19) 


3 
where n = 8/2 and I? = EE. (20) 


Css 
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We have then from (18) ; 
pr = cpt Per AJ" Ger) + BI’ „(kr)} — (B/M AI p(k) + BJ kri sin geit, 


Using the recurrence formulae 


J’ (8) = ZA (z) > Jarı (2) 


J anle) = Jue) + I), 


we get 


— 


or = CyT WR] Aia(2n — 3)J Aer) — bad 4, (ker)t 
+ Bíg(2n — 8)J (Ier) + kvJ n-i er)]] sin 6 o", = (21) 


Pulting n = 8/2, we gel 
er = Ko, r7 [ — AJ gir) + BJ_sp(kr)] sin 0 cl, 
Since or = O when r=a and r= b, we have 


zu Ad slka) + BJ _sp(ka) zm (22) 
—Adsj(kb) + BJ -si(kr) = 0 (23) 


Elıminuting A and B from (22) and (28) we get the frequency equation as ` 


J sio (ka) dä J sjofkb) 


— — 


Tue)  I-splkb) 





We can simpiify this equation by using the relations 


o9 \t 
Japle) = (2) | sin g (2,-1)-2e08: | 
aZ g 2 
+ ; 
J -gp(2) = (=) [ COS Z (Š _ 1)+ SE 
"a 2 2 


In conclusion I express my grubefulness to Dr. 8. Ghosh of University College of 
Science for his valuable guidance in preparing this paper. 


BANGABABI COLLEGE, i 
OALOUTTA. 
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ON SYMBOLIC CALCULUS OF TWO VARIABLES 


By 
N, K. Cuagravarty, Krishnagar. 
‘Reveived — October 14, 1900). 
1. The object of the prosent paper is to derive some theorems in Symbolic Calculus 
of two variables ns developed by Melnchlan and Humbert (1949), Delerue (1951), 


Chakravarty (1958) and Voelker and Doetsch (1950). Wo shall use the symbolic notation 
Ip, echte, y) or h(zy) 2 D>f(p, q! to represent the convergent double integral, 





toad di |: -re-wh(2, y)dady, R(p)>0, R(q)>0. 


In the theorems that follow we have derived symbolic connections in two variables 
of the types f(z/y)>>e(q/p) or f(zy)2>¢9(pq) when f and e are connected by a chain 
of symbolic relutions in one variable. The theorems have been illustrated by suitable 


examples. 


9. Theorem I. If f(p)cA(x) and (1/p™)h(p) g(a), then x™a(y/x) 2 247" f(p[q). 
Proof, Smee f(p) c h(z) and (1/p")h(p)czg(z), we have 


f(p) =Tin+2)p | atl R(m)> -2. 
0 


(Shastri, p. 212), 


so that c 
t) dt 
= Dian 4 2)pg"*1 f g( : (2.1) 
{(p/q) — Y(m-*2)pq | ra 
Now ’ 
im, q) = pq f e~PO-WA(y [a)yPd vds (2.2) 


0 
Substituting y = tx and then integrating with respect to x we obtain 


Wp, q MOS |. (28) 


(p+ att? 


Putting » = m and £"6(t) = g(t), we have 
y"6(y[v)  a'"g(y[2). em 
Hence from (2.1)—(2.4), we obtain 
q""f(p[q)cz c z"g(y[2), 
which establishes the theorem, valid when A(m)> — 2. 


It may noted that this theorem occurs in Memorial des Sci. Math, fase. 127, 
published in 1954. 


6—1906P —4 


940 N. K. CHAKRAVARTY 


Cor. I Put in = 0 and we obtain the theorem due to Dalerue (1951), viz., 
“If f(p)ch(z) and h(p)cg(z), then f(p/q) cz czg(yjo)." 


Cor. II Let e(ip)c Hiel, Then h(p)= TE Def AH(t)dt=g(z), 
and his = orf rele p), say, 
ptt 


Hence, by cor I, we obtain 


ylz = 
Ads, | HM 
pt qt 


provided that the integrals involved are convergent. 


To illustrate (2.5), we have the operational representation 
1 1-4 
vt Pp pr 


e^ Vp 





ett) J, i2 





e L 
i? 


80 that the product theorem gives 


gi rJ, i221) = J gi*J,(2x3)dz. 
0 
Hence by (2.5) 


(y [DD] pyt zt) S Sp f ehr) (Bai) 
pt+qz 


Evaluating the R. H. side integral by Watsuu, p. 484, (1952), we are lead to the 
operational representation 


Yard , (25/23) 2 22(p[ q C *DK,(2p*[qt), 
a result already given by Delerue (1951). 


Secondly, we have the operational representation 


een T" (x) S (~1)" LU I 
m I'(n 4- 1) (Lp pee ie 





where T(z) is Sonine’s polynomial. 
By the product theorem 
x 
am d Ead "E EE zx ft m" 
J ea" T Lid: CES SE T se 
and by Shastri (1944) 


f o^ tim T (4) dt = = 
(p +t) 








Se er E EECH -im: (p) R(n + 1)z50. 


ON SYMBOLIC CALCULUS OF TWO VARIABLES 941 
Hence (2.5) leads to the operational repesentation - 
e "Wat x) PHT du ll D Dn(—1) Php] W gins -iml pP/g) — (2.0) 


In the following we shall employ theorem I to obtain some new operational 
representations. 


(1) Letf(p) =-y- log p; so that h(x) = log z; 
and by Mclachlan N. W (1949, p. 116), 


x” log x geed El t+m)— log p], Rim)>-1, 


and = [Y/]) = n log L(1 +m). 


from which (in log p > ere [y(1+m)—loge]=g(z), suy. 


Hence we obtain the operational representation 


Di (14- m) —log (y/2z)] 2 Dq-"[-y— log (p/4)] (2.7) 





I ds +m 
(2) By Mclachlan N. W. (1949, p. 119), we bave- 
at ber, zt > [1/(2p)'] cos (1/4p + vr) 


and zi" bei, at  [1/(2p)' | sin (1/4p + ivr), 
so thal (1/p*) cos (1/4p) c 9'z** [ber, zt cos Zus + ber, zf sin vr ] (2.8) 
and (1/p*) sin (1/4p) c Zeil bei, æt cos 2vz] — ber, æt sin iva] (2.9) 


Again by Mclachlan, (1949, p. 127), we have 


£ oos 1 > (rp)te- Gf cos(p[2): l (2.10) 
at 4c 

und 1 gin + S(ap)te- (I sin(p/2)t (2.11) 
zi 4x 


We then obtain the following two opertional representations : 


Y 
(pr)*,- i" cog(p[ ag) c: zara Dy] cos ZU SC bel a t gin Um bei.ty/2) | (2.12) 
q* 


i a 
2nd eh vrai c cara o7 yir] cos an bei IO — sin vu ber (2 x ) | SS 


l COB H 1 ber 1 
and in particular, (pr)te- (^0 an E C C bei (2) (2.18 a) 


(B) N. A. Shastri (1944) has obtained the following operational representation : 
(2/ak++) Koy (225) Ih + m — DD —m — k)e! OP) p W, nlli p) Rig tm- k)>0. 
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Further, we have 
Op a (ap) Een ie le, R(p)>0 
So we obtain the fullowing operational representation 


g-m-b-4yim-1g721/5 Dk +m — k)1' (à — m — k)pk*1q-"t5o20W, n(q/p), 


R(4m—k+4)>0. 


The following special cases are worth notice: 


Since, 
S(v, 2) = str le W 4. ,,(2), V>. 
We obtain 
r lyne D »TI'(v)qSiv, q] p) 
Since F(a) = f - dt = e-'S(l, z). 


(Whittaker and Watson 1940, p. 852), 


we obtain 


1 eli — gei 5 ) = — gesip lı(e-@p) 


y 
li(e+) having the definition as given in Whittaker and Watson, p. 342. 
Again, sınce 00 RExfe(z) = iz -ie- F^W A +(x"), 
(Whittaker and Watson 1940, p. 848), we obtain, from (2.16) 
[1/ (zy)*] 0743D 22(zpq)*et!?Erfe(q [ p). 
(4 We have the operational representations 
(L/gset1) e- 14^ 25) (gp) Cta eosec pz [J -y -4(8(4p)$) cos un 
d, 4(8(4p)*) sin am —J,-,, 4(8(30)9)] 
(Gupta, H. C., 1948, p. 149). 


1 2 
be — Ten 2 2 


where J{(x) is the Wright’s generalised Bessel function 
Hence the theorem gives.the operational representation 


Ze lye t etl only? / x?) => 22-3098) gp Gg) m -iGta) cosec Zum 


(2.14) 


(2 15) l 


(2.16) 


(2.17) 


(2.18) 


p? 4 p! i 2 Md 
xD. Jet ZS ) | cos pet Ina E P) ka EEN E) [lr (2.19 


E(m)2 —2. AS 


- 
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(5) We have the operational representation 


INTE v) CapYetiv-lo- 14M pt fu- enee AR P ip t+v)>0, 


pi-* 
TEIL 
(Erdelyi (1980), p. 181), 


yeti (e+ 2) m 


and (1 +ayjete pi(l~a) 


t(utpti),¢2-a)(P), (e+ 2)>0, 


a result easily deducible trom Whittakor's integral for Wi, (x). 


Hence the theorem leads to the operational relation 
gir bibe a 19 AI MA AA piut- p(T) 
= Ta T yo spile- Dqi(72-2)0giplo W isi ya- pla) (2.22) 
(6) We have A 1 1 
(L+atjets (iesch — (ida r?eti 

2 jal'(à - i)isp)^[U. — 28H, aly) — Yi-g(p)}— pH -,0) — A al) 

<ER) < 3/2, 
by Mclachlan and Humbert (1941), 


p m Ce 
ne (Le pyets la) aed le), (uo — 1). 


Hence we obtain the operational representation 


zi-5yJ (y/u) 


ssec) (te) Alan 
rcr [i A LE s q d "Ng "Aq SH 


l 


VTL 
: ese). <P) ee) and a (i)a), 


3. Theorem II. I! {(p)<h(z), am d 


5-1 


then (z[y)* 1H(z[y) 2 2f(a[9). 
Proof. Since f(p) c h(x) and ut Jes. we have by Shastri (1044) 


f(p) = aaen! t-4s~D g(t) Wy 1(2(pt)2)dt (A) 


a 


which can be written in the form 


S ot" 
(1)= gat a( T ~1(2(qt/p)* (3.1) 
p 5 p 


z Interpreting (8.1) by 
(r/y)& *9J, 4 1(2(e/y)h) 2 22(q/ prt * 9 K,(2(a[p):) 
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we obtain, on simplification, 
oo 


aipe clet | (7992, [yg (dt (3.2) 
0 
Again, since ad (0) cola), we have, by Gupta (1948, p. 142) 
veier f ka 2pi hdt (8 3) 
0 
which, by el 1 )>H(p), can be written as 


Hip) = th / ttg (dI (Apit )dt. 


So, (z]y)t^- mt? )= G Hig (2) yat | (8.4) 


From (8.2) and (8.4), we obtain 
f(q/p) c c(z[yy-MI(z[y), which is the theoreın. 

For the validity of the theoreni, we first ensure the existence of (A). For this we 
should have g(y) bounded and absolutely integrable in (0, oo) and g(y) = O(y*-!+4), when 
y is small and 6>0. 

Again, the integral on the right of (8.2) or (8.4) is convergent if H(s) 22570 and g(a) 
is bounded and absolutely integrable in (0, co). Hence, for the validity of the theorem, 
we should have 

(1) g(x) bounded und absolutely in (0, oc) 
(i) 822520, It is enough if 81. 


Cor. I. Puts = 3/2 and utilise the result that 
“If f(p)ch(z) and (1/pt)hQ/p)cg(x), then (1/ p)f(p*[A4) C 4a*g(27)."' 
The theorem, then, can be stated in the form l 
“If (2/*) d/p) f(p*/4)<g(@*), (PH g(pcce(z) and ie (L/z)DH(p). then 
(«/y)tH (2/y)>>/(q/p).”’ 
As an application, 
let zio(l/z) = z*-1e-!^; sc that H(p) = 9pl-1*K,(2p*), R(p)>0, 
pr 


and o(z) = z3*-*6-*, and hence g(p) = I'(5/2 — s) + p= 


Now, 
A D — 8) cua) s58I(- TC-9) ps DIA. n scopus 
TENTE 21'(5/2 — TRAN T ip d 8I'(6/2 — s) y z hades Gas i^) 


5/[2—8 
4I (28-1 EXER 2), 
( )p*- ^ sn, 8/2—8 — dp 


~ 
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by a result due to H. C, Gupta. (1948, p. 149), viz., 
xP Pio +4) E(u) Wu deg EL Dier DT'(u-2 a r( e+l . P) 
1^ 2 pn UDQTA . — 45 as 


(Ir) terti ` 2IYu--o- 4) 4,1-u’ 4 2I'(o-F p ^ 1) Ear à, du A 
toti 
Sal eH Ai 
(—2u)p 143 wm Ip 
Thus f(p) is given by 
2 _ = ; 2 " )- +T — 3)9912 ( 5/2 ` ) 
Sie) = TR, gga legt MDPC =? 
S ^  Dj9—8 
TI 8-—1)1'(5/2— 8)422 7532-5 F ;— 
va8 ) (ö/ 8) p 1 ( Les 8/2—3 ) p} 
and the theorem gives the cperational relation 
1(3—1) 9 
A(E)  meeno2zra-s3«p.(. Ss - 1) 
JN y hits p 
5/2 
— Bet? 9 p ER 
d a/p) 1 8/9. 1+8’ p 
5 5[2—8 
+ D(28—1 r( $ -s en | -2) 
( ) 5 9/2)”, 7, ER a (8.5) 


4. Theorem I(I If H(p)cz*"!j(z), V(p)cz?-'f(z), f(p)cce(z) and a&?*-!e(l[o) 
Dhip), then eg^-1y?s-Mi(zy) > 2q* ^H (pq). 


Proof. Since f(p) co(z), therefore by Gupta H. C. (1948) 


zi l Jor H A-J POE at (4.1) 


0 


which, by z?-!e(1/z)h(p), can be wiitten as h(p) = p f [7 Ja (2(pt)*)f(t)dt. 


e 


Writing the above in the form 
uhi NE E 

l'(u +1) 

and interpreting by the help of operational representation 
pg? ar 


zh hyd 
Jo (2 Ok See 
Die 280022 Trp 





we obtain, 


Je auf - 1h (gy) 


ar f^ PCH de 
Soper 
(Din +1) Pe f ( 


$+ pq)! 
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Since ir car Ile), 

and 
a Ta +1) eer R(u)2» - 1, 
so that 
E £2\—1#(E) 
alle) 2T (s +1)p [ ipn 

Since x" ip(s) dH (p), 

we have, from (4.8) 
H(pg _ (^t^-1(t)dt 


. Duet jpq J (t+ pq)att 
The theorem now follows from (4.2) and (4.4). 
A set of conditions for the validity of the theorem may be as follows: 
(1) f(t) bounded and absolutely integrable in (0, oo) 
(ji) O<A<b/4 . 
(tt) ur1>a. 


Example I. Let f(p) = log p; so that e(z) = -y-Jlog z. 


Then since Ploro cx LE [V (1 4- v) 2 log], R(v l; 

T (2A I" 

we have hip) = GC [7 1*4) -log p], VT. 
aa H(p) = ea Diogo, din — 2x31) + log p]. 


Hence the theorem gives the operational representation 
zeA] — y + V(2A) — log zy] 


es es, 


UA [W2A) — (n — 9A 5 1) + log pq], Bin —21)2» —1 


In particular, 
ga 1] - Y —log ry] elf din) + log nq | 


Example II, Let f(p) 2 T(v41) m ; so that e(z) = zez, 
sp gA 1 
therefore cr fe) = D'(v4 1) Kees R(v) 0, 


»I'(v-1)T(2A 1)pko-9DetPW. o ion, -46-20 (p) 
= P(-m- E) +m- Kli -8eYPW, mip = (p), 


(4.8) 


(4.5) 


(4 6) 
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where l = pthv-2Q0 41), k =-HOA+V+1), m = —4( 23). 
Hence gh-lhjíz) = D(4—m—k) D+ m—k) at ete TV, mer) 


E m HDG +m ATL m + a= mp, 
T'(l— k- 1) 


L+m+4, I-m+4 ) 
i - 1—p ]=H 


by Goldstein (1982, p. 108). 


and Aë Ig(1]/g) = 233717107 He adn 10-18 9p -K opl2(p)t}=h(p). 


We thus obtain the operational representation 


22! -3y- ^ -3 KS, (2(zy)t).5 31358 * m — ANT s bin +4)" E "aru mri". 


N „I- 
x paints die SEO : 1-70), Ltm+4>0, (4,7) 


The author is graleful to Dr. 8. C. Mitra of Lucknow University for his keen 
interest and helpful criticisms during the preparation of the paper, 
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AXISYMMETRIC FLOW IN PERFECT FLUID---II 


MOTION OF A PARABOLOID OF REVOLUTION ALONG THE AXIS 
OF A ROTATING LIQUID 


By : 
B. S. Fapnis, Kharagpur. 


(Communicated by Prof B R. Seth—Recewed May 22, 1964 ) 


1. Introduction. The motion of a solid in perfect fluid endowed with vorticity is 
a problem of considerable interest but is unfortunately not very tractable. Even in the 
simplest case of a sphere moving along the axis of a rotating liquid, the restriction of 
small motion and consequent neglect of inertia terms seems to be necessary to obtain 
an approxımute solution. However, in one case, when a sphere moves steadily along 
the axis a rotating liquid, Taylor (1922) has obtained: exact “solutions of the hydrody- 
namical equations, ‘he problem 1s indeterminate because the boundary conditions of 
the perfect fluid theory are insufficient to determine all the arbitrary constants occuring 
in the solution, Long (1952) has generalised Taylor’s solution and has shown that the 
general solution contains an infinite number of arbitrary constants even when all the 
boundary conditions are satisfied, and that l'aylor's solution 18 a particular case of this 
general solution. Taylor thinks that different solutions represent stream lines due to ` 
different ways of staiting the motion, while Long on the basis of the experiments, in 
which he observed waves behind the obstacle and no waves upstream thinks that the 
undetermined constants can be determined by adjusting the solution such that the 
upstream waves are completely anulled. The suggestion seems to be quite interesting 
but it is not quite clear as to how this could be done. The .solution, however, can be 
made determinate by imposing an additional boundary condition that the liquid does not 
slip on the surface of the solid. 


Nigam and Chatter): (1958) have shown that in the case of any body of revolution 
moving steadily along the axis of a “rotating liquid, thé general equations of motion in 
orthogonal coordinates reduce to a linear third order differential equation for the Stokes’ 


stream functicn. 


In another paper (Fadnis, 1955) exact solutions were obtained for the case of a 
‘spheroid, and a circular diee as the limiting case of-the oblate spheroid. In this paper 
exact solutions huve been obtained for a paraboloid of revoiutiun moving along the axis 
of a rotating liquid. The solutions are obtained in terme of Whittaker functions and are 
made determmate after the manner of Taylor. It has not been possible to evaluate the 
constants numerically because the tables of these functions are not available. 


2. Equations of motion, The equations governing the motion of a perfect incom- 
pressible fluid are i 


250 B. S. FADNIS 


Y xo = grad (p/o-- Y?/2) (1) 
div V = 0. SES (2) 


In what follows «, 8 denote the general orthogonal curvilmenr coordinates: in the 
meridian plane and y the azimuthal angle; bk, hs, denote the elemants of 
lenghths in the directions of 2, 8, y inc:easing respectively, h, in addition represents ihe 
distance of any point from the axis of rotation. u, v, w denote the components of the 
velocity vector V and Ca, ¢ are the components of the vorticity vector e The 
motion being symmetrical about an axis all quantities are independent of the azimuthal 
angle y. Equation (2) can be written as 


© (huhu) + (hhv) = 0, (3) 
O2 op 


We introduce Stokes’ stream function d such that 




















= 1 X UE. ye LU 
š hah, o pee h hdr i hy 
With these values of u, v, w the components of vorticity are given by 
1 090’ 1 090’ I e 
BP c Ee Ape et eer EET 7 
> h,h, og ' l hih, Oz L hs B x 
a Bb, [8f h, 9 Of kh, 9 
hai Dp? =; (a 8) SC. 2) 6) 
ua: Ä hau a\ hih, 82/ Op\hgh, OR i 
The third component of the vector equation of vorticity is 
u "Baan, 206 Si ATI a DM) 2 Sb, h,) 
DY) + — — ZR» OY ,] Diy 4 zt 7 
; at S hyhyh,* Sa, 8) hihah, O(a, B) hhaha? ’ (x, B) d 
The third component of the vector equation of motion is 
aa’ 1  O(y,Q) 
+ = 0 8 
St  hjh,h, O(a, B) E 


For any body of revolution the above equations cun be simplified in the following 
manner. 


Let haw = Q = Ky [yo] =—h,?0,/K. . (9) 
Equation (8) is satisfied and (7) redu3es to u 
D (+ = =) = 
mir? en 
Y t 
or xS HU) (11) 
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Substuting for U the equation for y 18 
(D* + Kb —.KO0,),* (12) 


whence d Sea +A,p, AW, ` ' i (18) 


where V, and V, are the appropriate solutions of 


(D?  K*)j = 0. (14) 


3. Parabolold of Revolution. We consider a paraboloid of revolution held at. 
rest in a stream ‘of liquid which is moving at infinity with a uniform vel city U, parallel 
to the axis of the paraboloid and rotating uniformly at infinity with a velocity Q, about 
this axis. We then introduce a system of coordinates defined. by 


E E EE (15) . 
where r, 2 are the cylindvical coordinates in the meridian plane and y is the azimuth 


The length elements are then respetively given by 


h, = h, = 24 (e° +87), ha = 28 (13) 
e, E Oy _ lov, 0v. Lo 
SEN EC ie zm Ox? dor og? | t4 SR 


Equation (14) then reduces to 


Gd Läd, OY lO, Aggy = 
A ; B. oi E +B7)) = 0. (18) 


Putting V = ~,(z)p4(8) equation (18) splits up into two separate equations. 











OV, _ 1 On, 23 ` ie 
ag? p Ke + (4K a. hy, — 0 (19) 
Oy, 1 oy 
2-2 DT) +(4K7a7+h)y, = 0 (20 
where ‘h’ is the constant of separation. Putting V, = 249, and a? = t (19) reduces to 
dp 9491 Lap age = 0 (21) 
dt? dt i | 


putting V, = 8%9,, B? =—A equation (20) reduces to 


3 
de +2 + (Er Ale, = 0 


A 
dA* l * dg 





Taking h = —8i(n zU the differential equations (21) aud (22) are satisfied , by, 
e, = e P (Di Kt). : / 
o, = e KAR AKA) (283) 


~ 


where I.(s), Fale), s = 2iKt, AKA 
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are the solutions o1 the differential equation 


dip 


8 pec 
dai 


. dF 
VE 


+n = 0. (24) 
We observe that equation (24) is a particular case of the differential equation 
satisfied by Luguerre polynomials 


ef eg (25) 
dei dg 


In cur euge u has the value unt, This equation has got solutions one of which 
has a sıngularıty at the origm If we designate our paraboloid x = a,, for points on 
& = gy B varies from zero to infinity We also further observe that Laguerre polynomials 
can be very easily connected with Whittaker functions. Therefore for 9, we take the 
solution 

1/1 (AW, 44, (UK) + Ba W Lu (- zi KU] (26) 
where W denotes a Whittaker funetion Remembering that y, = tọ, = 7*9, we gct 
y, = JA, IV yay iKa") T LC ORK gn 4(— 21Ka?)} 


For ọ, we choose the solution e ^L, (AKA) where L,U denotes a Lagucrie 
polynomial defined by 


= 1 9pgr 
L,, wl = > (1 4-1) dëch 27 
" "ey PED np)! p' en 
hence d, = Pre HL, -2Kg?). (28) 


The complete expression for the streum function {hen becomes 


y= Zei a^8* + 2 1A, Waa, 4 (20102?) + B,IT 2,1, "Es 21K 17 B eE L,'i(orKg?) (29) 


n = H 


4. Expressions for the velocity components. On the surface of the paraboloid 
where x = a, we have 


= 0) (30) 


[2 
Ton 


w= Ky 
The condition V = 0 on a = a, minkes the paraboloid a stream lino. ‘This therefore 
automatically salifies the condition of zero normal and zero rotational velocity on the 
boundary 
If U, is the velocity of the liquid at infinity we find 








| SCH =| T E Ba Š AW QGG?) + BI 4 (— Ka?) x 
1 a m D hih, K n — DU 


ad 


treno, oca |) .. (8) 


i 
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Putting a = œ we get K = 20,/U, 


Making use of the fact.that « = a, the paraboloid 18 a stream line we get 


Hu - = 3 An Was, 422) + BAR -u-r, p~ iKa’) hm  g?c'KP L,O(— 21K?) 


or Zt — Inn, LOIS) + By nat, 4 ( —2iKo2)} sgn (— 2EB?) 
0 


K n= 
8 (-14Kg)s N (5 (n +1) !22(iKg?)» b 32 
O1 40% > "ni — #2 ap (p +1) In — p)! ip! In ( ) 
where Xin = {Ag Waqa, 4(2iKa,7) + B,W -n-1, 4.(—20Ko,). 


Equatıng co-efficients of (187)? on both sides of (82) we have 


[= 1)" * 140,2," = 2? (n KÉ) Xj. ` (83) 


K pP (p-1)l(n TP)! 








In this relation if we vary p from zero to infinity we get an mante set of equations 
involving Au, where Xj, are infinite sets of unknowns. It is observed that the number of 
unknowns in each successive equation is decreased by one. This fact enables us 
to solvo these equations to any desired degree of accuracy After this is done we get a 
relation of the ts pe 


(1) 
A, Wati. (21K as?) + Bpa W 544. Al = Qi ,7) = | (34) 


n 


where f is à known constant depending upon n. Itis evident that by itself equation 


(8.) 18 not sufficient to determine 4, and B, uniquely. Therefore any values of A, and B, 
that satisfy (81) give a possible solution of the problem There are thus an infinite 
number of solutions consistent with the above boundary conditions. To make the 
problem determinate it 1s supposed that (here is no slipping of the liquid on the surface 
of the paraboloid. This gives one more boundary condition, namely Oy/0« = 0 on a = ay, 


Makinz use of this boundary condition we get 
—80,«, B* fa Oy IK 9 9 7 \ 
= SW p { B,—W 44, 4(-21K 
K 2 "Oy +1, „(21 F )+ Ir 1, 4 Al a 2) EN 
NEE 


herr N "= Df >. (n +1) !2P( Sch 


K > ZR (p-- 1)1(n —9) Ip! 
Q H OZ 7 Gel : 2 æ 
where Xan = 4 Ay Tata. iKa?) + By— WV -r -3, Alz 21K?) (85) 
Oo On a Em on, 
/ 


K 
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Equating coefficients of (187)? we get 


Bel Um) Yo _ 2»(n41)! Xow, (86 
K - P(p+1)(n—p) | 
In this relation ıf we vary p from zero to infinity we get an infinite set of equations 
in Xo, where Xs, are infinite sets of constants. The number of unknowns in each succes- 
sive equation is always less by one. These equations can be solved to any desired degree 
of accuracy. For Xs, we get the relation of the type 


(3) 
[A Warn va) + By 2 Wai, RK} 7 J 
Qa On a= a, . 


(2) 
where if is a known constant depending upon n. Constants A, and B, enn now be 


determined by solving equations of the type (84) and (86), Using these values expressions 
for thé velocity components can be determined from (84) and (26), 


Tn conclusion I thank Dr. S. D. Nigam for his kind interest in the preparation of 
this paper, 
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